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Abstract
We describe the mod pr pro K-groups {Kn(A/I
s)/pr}s of a regular local Fp-algebra
A modulo powers of a suitable ideal I, in terms of logarithmic Hodge–Witt groups, by
proving pro analogues of the theorems of Geisser–Levine and Bloch–Kato–Gabber. This
is achieved by combining the pro Hochschild–Kostant–Rosenberg theorem in topological
cyclic homology with the development of the theory of de Rham–Witt complexes and
logarithmic Hodge–Witt sheaves on formal schemes in characteristic p.
Applications include the following: the infinitesimal part of the weak Lefschetz conjec-
ture for Chow groups; a p-adic version of Kato–Saito’s conjecture that their Zariski and
Nisnevich higher dimensional class groups are isomorphic; continuity results in K-theory;
and criteria, in terms of integral or torsion e´tale-motivic cycle classes, for algebraic cycles
on formal schemes to admit infinitesimal deformations.
Moreover, in the case n = 1, we compare the e´tale cohomology of WrΩ
1
log and the
fppf cohomology of µpr on a formal scheme, and thus present equivalent conditions for
line bundles to deform in terms of their classes in either of these cohomologies.
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0 Introduction
0.1 K-theory
The primary goal of this article is to extend results concerning the K-theory and motivic
cohomology of smooth varieties in characteristic p to the case of regular formal schemes. If
A is an Fp-algebra, then we consider the natural homomorphisms
Kn(A)/p
r ←− KMn (A)/p
r dlog[·]−→ WrΩ
n
A,log, (1)
where WrΩ
n
A,log (also denoted by ν
n
r (A) in the literature) is the subgroup of the Hodge–
Witt group WrΩ
n
A consisting of elements which can be written e´tale locally as sums of dlog
forms, and the map dlog[·] is given by {a1, . . . , an} 7→ dlog[a1] · · · dlog[an] as usual. If A is
regular and local then both of these homomorphisms are known to be isomorphisms: this
reduces, via Gersten sequences, to the case that A is a field, in which case the leftwards
isomorphism is due to Geisser and Levine [13], who also proved that Kn(A) is p-torsion-
free, and the rightwards isomorphism is the Bloch–Kato–Gabber theorem (see Theorem 5.1
for more details and references; also, to avoid issues caused by finite residue fields, we use
Kerz–Gabber’s improved Milnor K-theory throughout).
We extend these results to the pro abelian groups {Kn(A/I
s)}s, where I ⊆ A is an ideal.
We must first describe two hypotheses: the first of these is that A is F -finite (i.e., a finitely
generated module over its subring of pth-powers); the second is that our closed subschemes Y
are often required to be generalised normal crossing, or gnc, meaning that Y admits a closed
cover by subschemes such that the reduced subscheme of any possible multiple intersection
is regular (e.g., it suffices for Y to be regular, or for it to be a normal crossing divisor on a
regular scheme, which we believe cover all cases of interest for the applications; see Section
1.5); a ring is said to be gnc if and only if its spectrum is.
The following is our pro version of the isomorphisms recalled above:
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Theorem 0.1 (See Thm. 5.4 & Corol. 5.5). Let A be a regular, F-finite Fp-algebra, and I ⊆ A
an ideal such that A/I is gnc and local; fix n, r ≥ 0. Then the natural homomorphisms of
pro abelian groups
{Kn(A/I
s)/pr}s ←− {K
M
n (A/I
s)/pr}s
dlog[·]
−→ {WrΩ
n
A/Is,log}s
are surjective and have the same kernel, thereby inducing an isomorphism
{Kn(A/I
s)/pr}s
≃
−→ {WrΩ
n
A/Is,log}s.
Moreover, the pro abelian group {Kn(A/I
s)}s is p-torsion-free.
The kernel of the surjection {KMn (A/I
s)/pr}s → {Kn(A/I
s)/pr}s appearing in the state-
ment of the theorem is reasonably well controlled; see Section 6.1 for some precise results,
where we show in particular that it vanishes if I is principal and A/I is regular. This covers
the traditional case of curves on K-theory, namely when A = R[[t]] and I = (t); a conse-
quence of this is a curious, and seemingly new, log/exp isomorphism between the relative
part of WrΩ
n
R[t]/ts,log and the big Hodge–Witt groups of R itself:
Corollary 0.2 (See Corol. 6.7). Let R be a regular, local, F-finite Fp-algebra; fix n ≥ 0,
r ≥ 1. Then there exists a short exact sequence of pro abelian groups
0 −→ {WsΩ
n−1
R /p
r}s
dlog[·]◦γn
−→ {WrΩ
n
R[t]/ts,log}s −→WrΩ
n
R,log −→ 0,
where γn : {Ws−1Ω
n−1
R }s
≃
→ {Ksymn (R[t]/ts, (t))}s is the original comparison map of Bloch–
Deligne–Illusie between the de Rham–Witt complex and curves on K-theory (see Section 6.2
for more details).
Applying lim
←−s
to Theorem 0.1, together with a continuity result for logarithmic Hodge–
Witt groups, we establish the following continuity result for K-theory; this is already known
if A/I is regular, thanks to Geisser and Hesselholt [11]:
Theorem 0.3 (See Thm. 6.8). With notation as in Theorem 0.1, assume moreover that A
is I-adically complete. Then the canonical maps
Kn(A;Z/p
r) −→ πn holimsKn(A/I
s;Z/pr) −→ lim
←−
s
Kn(A/I
s;Z/pr)
are isomorphisms for all n ≥ 0, r ≥ 1.
We present some similar continuity results for Milnor K-theory in Corollary 6.9.
0.2 Infinitesimal deformations of Chow groups
We prove variations on Theorem 0.1 for relative K-groups and in the context of sheaves
in the Zariski, Nisnevich, and e´tale topologies; combining these with our development of
the theory of logarithmic Hodge–Witt groups on formal Fp-schemes, we prove a number of
theorems concerning Chow groups and infinitesimal thickenings, including the following:
Theorem 0.4 (See Thm. 6.10). Let X be a regular, F-finite Fp-scheme, and Y →֒ X a gnc
closed subscheme. Then the canonical map of pro abelian groups
{H iZar(X,Kn,(X,Ys)/p
r)}s −→ {H
i
Nis(X,Kn,(X,Ys),Nis/p
r)}s
is an isomorphism for all n, i, r ≥ 0, where Ys denotes the s
th infinitesimal thickening of Y
inside X.
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In particular, if X is a smooth variety over a perfect field of characteristic p and Y →֒ X
is a normal crossing divisor, then Theorem 0.4 implies that
lim
←−
s
H iZar(X,Kn,(X,Ys)/p
r)
≃
−→ lim
←−
s
H iNis(X,Kn,(X,Ys),Nis/p
r).
Replacing Quillen by Milnor K-theory and removing the mod pr, this was conjectured to be
true by Kato and Saito [26, pg. 256] when i = n = dimX, as part of their higher dimensional
class field theory, in which the left and right sides play the role of certain Zariski/Nisnevich
class groups in their theory.
To state our applications to the deformation of algebraic cycles, we consider for any
Fp-scheme Y its “cohomological Chow groups” and “e´tale-motivic cohomology groups”
CHn(Y ) := HnZar(Y,Kn,Y ), H
∗
e´t(Y,Zp(n)) := H
∗−n
e´t (Y, {WrΩ
n
Y,log}r),
where the left denotes cohomology of a Zariski sheafified K-group and the right denotes
Jannsen’s continuous e´tale cohomology of the pro e´tale sheaf {WrΩ
n
Y,log}r. If Y is a smooth
variety over a perfect field of characteristic p, then CHn(Y ) is the usual Chow group, by the
Bloch–Quillen formula, and H∗e´t(Y,Zp(n)) is the e´tale-/Lichtenbaum- motivic cohomology
with Zp(n) coefficients, by Geisser–Levine [13]; in this case of a smooth variety, or more
generally a regular Fp-scheme Y , the isomorphisms (1) recalled at the start of the introduction
induce the e´tale-motivic cycle class map cn : CHn(Y )→ H
2n
e´t (Y,Zp(n)).
Here in the introduction we state our general deformation result only in the case of
schemes for simplicity, but it holds also for non-algebrisable formal schemes:
Theorem 0.5 (See Thm. 6.13). Let X be a regular, F-finite Fp-scheme, and Y →֒ X a
regular closed subscheme. Let z ∈ CHn(Y ). Then:
(i) Given r ≥ 1 there exist t ≥ pr (depending only on X and Y , not z) such that, if the
image of cn(z) in H
2n
e´t (Y,Z/p
rZ(n)) lifts to H2ne´t (Yt,Z/p
rZ(n)) then L lifts to CHn(Ypr).
(ii) z lifts to lim
←−s
CHn(Ys) if and only if cn(z) lifts to lim←−s
H2ne´t (Ys,Zp(n)).
By proving an algebrisation lemma for e´tale-motivic cohomology, this has the following
consequence for deformation in families:
Corollary 0.6 (See Thm. 6.14). Let A be a Noetherian, F-finite Fp-algebra which is complete
with respect to an ideal I ⊆ X, and let X be a proper scheme over A; assume that X and the
special fibre Y := X×AA/I are regular
1. For any z ∈ CHn(Y ), the following are equivalent:
(i) z lifts to lim
←−s
CHn(Ys);
(ii) cn(z) lifts to lim←−s
H2ne´t (Ys,Zp(n));
(iii) cn(z) lifts to H
2n
e´t (X,Zp(n)).
Similarly, taking advantage of the weak Lefschetz theorem in crystalline cohomology, the
arguments used to prove Theorem 0.5 establish the infinitesimal part of the weak Lefschetz
conjecture for Chow groups in characteristic p; the analogous result over an algebraically
closed field of characteristic 0 is due to Patel and Ravindra [40]:
1e.g., we could suppose A is regular and X is smooth over A; but the case in which X is a desingularisation,
with regular exceptional fibre, of SpecA is also interesting.
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Theorem 0.7 (Infinitesimal weak Lefschetz for Chow groups; see Thm. 6.17). Let X be
a smooth, projective, d-dimensional variety over a perfect field k of characteristic p, and
Y →֒ X a smooth ample divisor. Then the canonical map
lim
←−
s
H iZar(Ys,Kn,Ys) −→ H
i
Zar(Y,Kn,Y )
has kernel and cokernel killed by a power of p if i + n < d− 1. In particular, if 2n < d− 1
then
(lim
←−
s
CHn(Ys))⊗Z Z[
1
p ]
≃
−→ CHn(Y )⊗Z Z[
1
p ].
0.3 Logarithmic Hodge–Witt sheaves on regular formal Fp-schemes
The technical heart of the article is the development of the theory of logarithmic Hodge–Witt
sheaves on regular formal Fp-schemes. To understand why, we very briefly sketch the proof
of Theorem 0.1. The trace map from K-theory to topological cyclic homology, together with
the pro Hochschild–Kostant–Rosenberg theorem for the latter [7], allows us to circumvent
Milnor K-theory and directly construct a homomorphism of pro abelian groups
dlognr,A/I∞ : {Kn(A/I
s)}s −→ {WrΩ
n
A/Is,log}s
which is given by dlog[·] on symbols. (This even exists without any conditions on A/I.) From
McCarthy’s theorem and the isomorphisms (1) for A/I, it is then not difficult to obtain an
isomorphism
{Kn(A/I
s)/ps}s
≃
−→ {WsΩ
n
A/Is,log}s,
in which the diagonal indexing of the pro abelian groups should be noted. Modding out by
multiples of pr, the key to proving Theorem 0.1 becomes the following:
Theorem 0.8 (See §4.2). Let A be a regular, local, F-finite Fp-algebra, and I ⊆ A any ideal;
fix n, r ≥ 0. Then the canonical reduction map
{Wr′Ω
n
A/Is,log/p
r}s −→ {WrΩ
n
A/Is,log}s
is an isomorphism of pro abelian groups for any r′ ≥ r.
If I = 0 and A is strictly Henselian then Theorem 0.8 reduces to the well-known result of
Illusie that if Y is a smooth variety over a perfect field of characteristic p, then the sequence
of e´tale sheaves
Wr′Ω
n
Y,log
pr
−→Wr′Ω
n
Y,log −→ WrΩ
n
Y,log −→ 0
is exact [21, §I.5.7]. It is exactly this type of result which we are obliged to extend to regular
formal Fp-schemes, while at the same time analysing the logarithmic Hodge–Witt sheaves
WrΩ
n
Y,log in the Zariski topology. Apart from Theorem 0.8, our most interesting results in
this direction are perhaps the following:
Theorem 0.9 (See §3.1). Let X be a regular, F-finite Fp-scheme, and Y →֒ X a closed
subscheme; fix r ≥ 0. Then:
(i) The sequence of pro e´tale sheaves
0 −→ {Gm,Ys}s
pr
−→ {Gm,Ys}s
dlog[·]
−→ {WrΩ
1
Ys,log}s −→ 0
is exact.
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(ii) The canonical map of pro abelian groups
{H ifppf(Ys,µpr ,Ys)}s −→ {H
i−1
e´t (Ys,WrΩ
1
Ys,log)}s
is an isomorphism for all i ≥ 0.
Theorem 0.10 (See Corol. 4.1 & 4.2). Let Y be any Fp-scheme. Then:
(i) The sequence of pro e´tale sheaves
0 −→ {WrΩ
n
Y,log}r −→ {WrΩ
n
Y }r
1−F
−−−→ {WrΩ
n
Y }r −→ 0
is exact.
(ii) WrΩ
n
Y,log is generated Zariski locally by dlog forms.
Theorem 0.9 gives analogues, for the formal completion of X along Y , of the exact
“Cartier sequence” [21, Prop. 3.23.2]
0 −→ Gm,X
pr
−→ Gm,X
dlog[·]
−→ WrΩ
1
X,log −→ 0
and well-known isomorphism H ifppf(X,µpr ,X)
≃
→ H i−1e´t (X,WrΩ
1
X,log). The key to proving
the formal analogues is to mimic Illusie’s proof in the smooth case by first establishing a
Cartier isomorphism for regular formal Fp-schemes (see §2.1) and then analysing the various
filtrations on the de Rham–Witt complex (see §2.3).
Theorem 0.10(i) is also due to Illusie in the smooth case, when part (ii) is a consequence
of the isomorphisms (1). We eliminate the smoothness hypothesis by using the following type
of argument (see §2.4): we may first assume that Y = SpecA is affine, and that we have a
representation of A as B/I, where B is regular and I-adically complete; using infinitesimal
deformations we lift the assertions to WrΩ
n
B,log; by Ne´ron–Popescu desingularision we then
reduce the assertions the smooth case.
0.4 n = 1 and line bundles
In Section 3, after developing the necessary foundations for the de Rham–Witt complex on a
formal Fp-scheme, but before turning to higher algebraic K-theory, we focus on line bundles
and WrΩ
1
log. There are two main reasons for this interlude. The first is to reprove and
strengthen the deformation results for line bundles from [39] without using any K-theory
or topological cyclic homology; indeed, we prove Theorem 0.5 in the case n = 1 using only
arguments with logarithmic Hodge–Witt sheaves:
Theorem 0.11. Let Y be a regular F-finite, formal Fp-scheme whose reduced subscheme of
definition Y = Y1 is regular. Let L ∈ Pic(Y ). Then:
(i) Given r ≥ 1 there exists t ≥ pr (depending only on Y, not L) such that, if c1(L) ∈
H2e´t(Y,Z/p
rZ(1)) lifts to H2e´t(Yt,Z/p
rZ(1)) then L lifts to Pic(Ypr).
(ii) If c1(L) ∈ H
2
e´t(Y,Zp(1)) lifts to some c ∈ lim←−s
H2e´t(Ys,Zp(1)), then there exists L˜ ∈
lim
←−s
Pic(Ys) which lifts L and satisfies c1(L˜) = c. In other words, the sequence
lim
←−
s
Pic(Ys) −→ Pic(Y )⊕ lim←−
s
H2e´t(Ys,Zp(1)) −→ H
2
e´t(Y,Zp(1))
is exact.
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The second reason for the interlude is to relate this deformation result (in terms of
WrΩ
1
log) to earlier results of de Jong (in terms of the fppf cohomology of µpr). This is
achieved through Theorem 0.9, which allows us to rewrite Theorem 0.11 in terms of the fppf
cohomolgies of µpr ,Ys : see Remarks 3.6 and 3.9 for details.
0.5 Guide
Section 1, which presents various preliminary, known results, should be ignored by most
readers initially and referred back to when necessary.
The applications to line bundles, namely the main results of Section 3, depend only on
Sections 2.1 – 2.3 (minus Lemmas 2.11 and Lemma 2.17).
The applications to K-theory, namely Section 5, depend on all of Section 2 and 4, but
not Section3. The five topics in Section 6 are largely independent of one another, but all
require the material on K-theory in Section 5 and hence also the dependences of the previous
sentence.
0.6 Acknowledgements
Part of this research was carried out during visits to the IHES during September–October
2014 and September 2015, and I thank the institute for their support. I am particularly
grateful to A. Abbes, whose suggestion during the first visit of establishing a suitable Cartier
isomorphism had a profound effect on the paper. I also thank A. J. de Jong for discussions
about deforming line bundles using fppf cohomology, which provided the major motivation
for linking the fppf and log Hodge–Witt methods. Finally, I am grateful to T. Geisser,
K. Ru¨lling, and S. Saito for helpful relevant conversations. I was funded by the Hausdorff
Center for Mathematics during the project.
1 Preliminary notation, hypotheses, and results
In this section we present various notations, conventions, and folklore results which will be
used throughout; most readers should skip it and refer back when necessary. All rings in the
paper are commutative.
1.1 Regularity, F-finitentess, and Ne´ron–Popescu desingularisation
It is too restrictive to work only with smooth algebras over perfect fields of characteristic
p, mainly since this does not allow completions of such algebras to be uniformly treated.
Therefore we work with the much wider class of regular Fp-algebras. Since any regular
Fp-algebra is a filtered colimit of smooth (which includes the hypothesis of finite type) Fp-
algebras by Ne´ron–Popescu desingularision [41, 42], any result which commutes with filtered
colimits automatically extends from the smooth setting to the regular case.
If A is an algebra over a perfect field k of characteristic p, then the A-modules
ΩnA := Ω
n
A/Z, Ω
n
A/Fp
, ΩnA/k
are identical, since d(a) = pa(p−1)/pd(a1/p) = 0 for all a ∈ k; we henceforth identify them
without mention. If A is Noetherian and F-finite, i.e., finitely generated over its subring
of pth-powers, then it is easy to check that ΩnA is a finitely generated A-module. (More
generally, a Z(p)-algebra A is called F -finite if and only if A/pA is F-finite in the previous
sense.)
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Due to this consequence, as well as many others, of F-finiteness (for example, although
we will not use this fact, it is a remarkable theorem of Kunz [30] that Noetherian, F-finite,
Fp-algebras are always excellent and have finite Krull dimension), it will play an important
role throughout and so we now explicitly mention its “preservation properties”. If A is
a Noetherian, F-finite Fp-algebra, then so are (see, e.g., [7] for the proofs, which are not
difficult): any finite type A-algebra; any localisation of A; the completion or Henselisation
of A along any ideal; and the strict Henselisation of A along any prime ideal. Moreover,
if A is a Noetherian Fp-algebra which is complete with respect to some ideal I ⊆ A, then
Nakayama’s lemma shows that A is F-finite if and only if A/I is F-finite. Finally, we need
the following:
Lemma 1.1. Let A be a regular, F-finite Fp-algebra. Then A is formally smooth over Fp,
i.e., it satisfies the usual infinitesimal lifting property.
Proof. Since A is regular and Fp is a perfect field, the morphism Fp → A is geometrically
regular, and hence A is a filtered colimit of smooth, finite type Fp-algebras Ai by Ne´ron–
Popescu desingularisation. Therefore Ω1A is the filtered colimit of the projective A-modules
Ω1Ai ⊗Ai A, and hence it is flat. But, as remarked above, Ω
1
A is finitely generated; hence it is
a projective A-module.
Since A is a filtered colimit of smooth, finite type k-algebras, it is moreover true that
the cotangent complex LA/Fp is supported in degree one. So we have proved that LA/Fp
is quasi-isomorphic to the projective module Ω1A. This is well-known to imply that A is
formally smooth over Fp, e.g., [20, Prop. III.3.1.2].
1.2 Logarithmic Hodge–Witt sheaves in various topologies
Let X be an Fp-scheme, and let τ denote the Zariski, Nisinevich, or e´tale topology. Viewing
the the Hodge–Witt sheaf WrΩ
n
X (which will be recalled in more detail in Section 2.2) as a
sheaf in the τ -topology, we denote by
WrΩ
n
X,log,τ ⊆WrΩ
n
X
the subsheaf which is generated τ -locally by dlog forms, i.e., the τ -sheafification of the image
of the map of presheaves
dlog[·] : G⊗nm,X →WrΩ
n
X , α1 ⊗ · · · ⊗ αn 7→ dlog[α1] · · · dlog[αn].
When X = SpecA is affine, we write WrΩ
n
A,log,τ for the global sections of WrΩ
n
X,log,τ . If Y
is a closed subscheme of X then, as with many other sheaves in the paper, we write
WrΩ
n
(X,Y ),log,τ := Ker(WrΩ
n
X,log,τ →WrΩ
n
Y,log,τ ).
When τ is the e´tale topology we will tend to omit it from the notation, in which caseWrΩ
n
X,log
is also denoted by νnr,X or νr(n)X in the literature.
We let ε (resp. εNis) denote the projection from the Zariski (resp. Nisnevich) topos to the
e´tale topos. Then are then inclusions of Zariski sheaves
WrΩ
n
X,log,Zar ⊆ εNis∗WrΩ
n
X,log,Nis ⊆ ε∗WrΩ
n
X,log,
which are known to experts to be equalities is X is regular, though the statement seems not
to be in the literature:
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Theorem 1.2. If X is a regular Fp-scheme, then the inclusion of Zariski sheavesWrΩ
n
X,log,Zar ⊆
ε∗WrΩ
n
X,log is an equality.
Proof. In Theorem 5.1 we will recall the result that dlog[·] : KMn (A)/p
r → WrΩ
n
A,log is
surjective for any regular, local Fp-algebra A, which is exactly the desired assertion.
We will extend this result to arbitrary Fp-schemes in Corollary 4.2 using an infinitesimal
deformation argument to reduce to the regular case.
1.3 E´tale-motivic cohomology
For any Fp-scheme Y , we adopt the notations
H∗e´t(Y,Z/p
rZ(n)) := H∗−ne´t (Y,WrΩ
n
Y,log), H
∗
e´t(Y,Zp(n)) := H
∗−n
e´t (Y, {WrΩ
n
Y,log}r),
where the right-most group denotes Jannsen’s continuous e´tale cohomology [23] of the pro
e´tale sheaf {WrΩ
n
Y,log}r (the more common notation would be H
∗−n
cont (Ye´t,W.Ω
n
Y,log)).
Suppose now that Y is smooth over a perfect field of characteristic p. Then it follows
from Geisser–Levine [13, Thm. 8.5] that WrΩ
n
Y,log[n] ≃ z
n(−, •)e´t⊗
L
ZZ/p
rZ, where zn(−, •)e´t
denotes Bloch’s cycle complex of e´tale presheaves on Y , and so H∗e´t(Y,Z/p
rZ(n)) is the
e´tale-/Lichenbaum-motivic cohomology of Y with Z/prZ coefficients (e.g., [33, Def. 10.1]).
Regardless of this identification, it had been understood much earlier that the cohomology
groups H∗e´t(Y,Z/p
rZ(n)) and H∗e´t(Y,Zp(n)), as we have defined them, are the correct p-
adic replacements for the ℓ-adic e´tale cohomology of Y , particularly for the study of the
Tate conjecture (e.g., [34]). In the particular case n = 1, there is a canonical identification
H∗e´t(Y,Z/p
rZ(1)) = H∗fppf(Y,µpr ,Y ); this will essentially be recalled in the proof of Corollary
3.2.
1.4 Formal schemes
If Y is a Noetherian formal Fp-scheme, then we denote by Y1 →֒ Y a subscheme of definition
and Ys →֒ Y its s
th-infinitesimal thickening; thus Y can be identified with the ind scheme
{Ys}s, and the particular choice of Y1 is irrelevant. If Y 7→ FY ∈ Y
∼
e´t is a functorial collection
of e´tale sheaves on Fp-schemes (e.g., OY , WrΩ
n
Y , O
×
Y , WrΩ
n
Y,log, etc.), then by identifying
the e´tale sites of Y1, Y2, . . . , we will view {FYs}s as a pro e´tale sheaf on Y1. We will do the
same in the Zariski and Nisnevich topologies.
We say that Y is regular (resp. F-finite) if and only if it admits an open affine cover by
the formal spectra Spf A of regular (resp. F-finite) Fp-algebras A.
Let A be a Noetherian Fp-algebra complete with respect to an ideal I. Then an A-algebra
A′ is I-formally e´tale over A if and only if it has the usual unique lifting property for diagrams
of A-algebras
C

A′
∃ !
==
③
③
③
③
③
// C/J
in which J is a nilpotent ideal of the A-algebra C and the horizontal morphism is required
to kill a power of IA′. If moreover A′ is IA′-adically complete and A′/IA′ is of finite type
over A/IA, then we will say that A′ is a topologically finite type (tft), I-formally e´tale A-
algebra. Standard arguments show that the functor A′ 7→ A′/IA′ defines an equivalence
of categories from tft I-formally e´tale A-algebras to e´tale A/I-algebras. Moreover, if A is
regular (resp. F-finite), then so is any tft I-formally e´tale A-algebra.
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1.5 Generalised normal crossing schemes
We will use induction, via pro excision theorems, to reduce some assertions to the case of a
regular scheme; this approach works for normal crossing divisors, or more generally for the
class of schemes in the following definition, for which we know no standard terminology:
Definition 1.3. A Noetherian scheme Y will be said to be generalised normal crossing
(or simply gnc) if and only if it admits a cover by closed subschemes Y 1, . . . , Y c such that
(
⋂
i∈S Y
i)red is regular for any subset S ⊆ {1, . . . , c}. The smallest such c will be called the
complexity of Y .
If Y = SpecA is affine, then we also say that A is gnc.
Example 1.4. The following examples are all obvious, but important enough to state:
(i) A Noetherian scheme is gnc of complexity ≤ 1 if and only if its underlying reduced
closed subscheme is regular.
(ii) If X is a regular scheme and Y →֒ X is a normal crossing divisor, then Y is gnc.
(iii) The union of the x, y-plane and the z-axis in A3 is a gnc scheme of complexity 2 which
does not fall under either of the previous examples.
Lemma 1.5. Let Y be a Noetherian gnc scheme of complexity ≤ c. Then Y admits a closed
cover Z,Z ′ such that Z is regular and such that Z ′ and Z∩Z ′ are gnc schemes of complexity
< c.
Proof. Let Y 1, . . . , Y c be a closed cover of Y with the property of the definition, and put
Z = (Y c)red and Z
′ =
⋃c−1
i=i Y
i.
It is plausible that, assuming embedded resolution of singularities in characteristic p, pro
cdh descent for algebraic K-theory [35] would allow us to extend some of our results beyond
the class of gnc schemes, but we have not seriously considered this.
1.6 Artin–Rees properties in characteristic p
The absolute Frobenius a 7→ ap on an Fp-algebra A is denoted by φ, or by φ
A when the ring
must be made explicit. Given an A-module M , its restriction φ∗M along the Frobenius is
the new A-module with underlying group equal to M and action a ·m := apm. Assuming A
is F-finite, then M is finitely generated over A if and only if φ∗M is finitely generated over
A.
The following Artin–Rees properties will be used often in Section 2; part (i) states that
the functor M 7→M/I∞M := {M/IsM}s (we will occasionally use such I
∞ notation when
it is unlikely to cause confusion), from finitely generated A-modules to pro A-modules, is
exact:
Proposition 1.6. Let A be a ring, I ⊆ A an ideal, and M an A-module.
(i) If A is Noetherian and M is finitely generated, then {TorAi (M,A/I
s)}s = 0 for all
i > 0.
(ii) If A is an Fp-algebra and I is finitely generated then the canonical map
{φA∗M ⊗A A/I
s}s −→ {φ
A/Is
∗ (M ⊗A A/I
s)}s
is an isomorphism of pro A-modules.
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Proof. (i) is due to M. Andre´ [1, Prop. 10 & Lem. 11] and D. Quillen [44, Lem. 9.9]. (ii)
is simply the statement that the chains of ideals Is and φ(Is)A, for s ≥ 1, are intertwined,
which is an easy consequence of I being finitely generated.
2 The de Rham–Witt complex of a formal Fp-scheme
In this section we develop the theory of the de Rham–Witt complex on a regular, F-finite,
formal Fp-scheme. Since the calculations are usually of a local nature, this reduces to studying
the pro Wr(A)-modules {WrΩ
n
A/Is}s when A is a regular, F-finite Fp-algebra, and I ⊆ A is
an ideal, and we will state many of our results only in such an affine case in order to simplify
notation.
2.1 The Cartier isomorphism
For any Fp-algebra A, the inverse Cartier maps C
−1 : ΩnA −→ H
n(Ω•A), for n ≥ 0, are the
additive maps characterised by the properties
C−1(a) = ap, C−1(da) = ap−1da, C−1(ω ∧ ω′) = C−1(ω) ∧ C−1(ω′).
Replacing Ω•A by φ∗Ω
•
A so that the de Rham differentials d become A-linear, the inverse
Cartier maps become morphisms of A-modules C−1 : ΩnA → H
n(φ∗Ω
•
A).
The following celebrated theorem was proved by P. Cartier in the case that A is a smooth
algebra over a perfect field of characteristic p; the more general case of a regular algebra
follows immediately from Ne´ron–Popescu desingularistion, as explained in Section 1.1:
Theorem 2.1 (Cartier isomorphism). Let A is a regular Fp-algebra and n ≥ 0. Then the
inverse Cartier map C−1 : ΩnA → H
n(φ∗Ω
•
A) is an isomorphism of A-modules.
Combining this with an Artin–Rees argument we obtain the following analogue of Cartier’s
theorem for formal schemes:
Theorem 2.2 (Formal Cartier isomorphism). Let A be a regular, F-finite Fp-algebra, I ⊆ A
an ideal, and n ≥ 0. Then the inverse Cartier maps C−1 : ΩnA/Is −→ H
n(φ∗Ω
•
A/Is) induce
an isomorphism of pro A-modules
C−1 : {ΩnA/Is}s
≃
−→ {Hn(φ∗Ω
•
A/Is)}s.
Proof. For any fixed value of s ≥ 1, there is a natural commutative diagram of A/Is-modules,
in which the left vertical arrow is an isomorphism by the previous theorem
Hn(φ∗Ω
•
A)⊗A A/I
s (1) // Hn(φ∗Ω
•
A ⊗A A/I
s)
(2) // Hn(φ∗(Ω
•
A ⊗A A/I
s))
(3) // Hn(φ∗(Ω
•
A/Is))
ΩnA ⊗A A/I
s
C−1⊗AA/I
s
OO
// ΩnA/Is
C−1
OO
By varying s this becomes a diagram of pro A-modules. Then the long horizontal arrow,
hence also arrow (3), become isomorphisms by the usual argument using the Leibnitz rule.
Arrow (2) becomes an isomorphism by Proposition 1.6(ii). Arrow (1) becomes an isomor-
phism by Proposition 1.6(i), noting that the complex φ∗Ω
•
A consists of finitely generated
A-modules by Section 1.1.
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Corollary 2.3. Let A be a regular, F-finite Fp-algebra, and I ⊆ A an ideal. Then the
sequences of pro abelian groups
0 −→ {A/Is}s
φ
−→ {A/Is}s
d
−→ {Ω1A/Is}s, 0 −→ {A/I
s ×}s
pr
−→ {A/Is ×}s
dlog
−→ {Ω1A/Is}s
are exact.
Proof. The first sequence is exactly Theorem 2.2 for n = 0; the second sequence follows by
restricting to units.
Now we consider the Cartier filtration. Let A be an Fp-algebra, and recall that the
subgroups
0 =: B0Ω
n
A ⊆ B1Ω
n
A ⊆ · · · ⊆ Z1Ω
n
A ⊆ Z0Ω
n
A := Ω
n
A
are defined inductively as follows, for i ≥ 1:
• ZiΩ
n
A is the A-submodule of φ
i
∗Ω
n
A satisfying ZiΩ
n
A/dΩ
n−1
A = C
−1(Zi−1Ω
n
A).
• BiΩ
n
A is the A-submodule of φ
i
∗Ω
n
A satisfying BiΩ
n
A/dΩ
n−1
A = C
−1(Bi−1Ω
n
A).
The above equalities are merely ones of abelian groups as we have written dΩn−1A rather than
dφi∗Ω
n−1
A ; also, since the notation is potentially misleading we mention that the inclusion
Z1Ω
n
A ⊆ Ker d need not be an equality.
Iterating the inverse Cartier map defines morphisms of A-modules
C−i : φi∗Ω
n
A −→ ZiΩ
n
A/BiΩ
n
A.
If A is regular then it follows from the Cartier isomorphism, via a purely formal argument,
that C−i is an isomorphism for all i ≥ 0. In the same way, it follows from Theorem 2.2 (or
from the classical case and Lemma 2.5 below) that:
Theorem 2.4. Let A be a regular, F-finite Fp-algebra, and I ⊆ A an ideal. Then
C−i : {φi∗Ω
n
A/Is}s −→ {ZiΩ
n
A/Is/BiΩ
n
A/Is}s
is an isomorphism of pro A-modules for each i ≥ 1 and n ≥ 0.
In Section 2.3 we will need the relationship between the Cartier filtrations on ΩnA and
ΩnA/Is :
Lemma 2.5. Let A be a Noetherian, F-finite Fp-algebra, and I ⊆ A an ideal. Then the
canonical maps of pro A-modules
{ZiΩ
n
A ⊗A A/I
s}s −→ {ZiΩ
n
A/Is}s, {BiΩ
n
A ⊗A A/I
s}s −→ {BiΩ
n
A/Is}s
are isomorphisms for all i ≥ 1 and n ≥ 0.
Proof. The claim is true for Z0 since Ω
n
A ⊗A A/I
∞ ≃→ ΩnA/I∞ , and we now proceed by
induction on i ≥ 1. There is an obvious commutative diagram of pro A-modules
φi∗Ω
n−1
A ⊗A A/I
∞ d //

ZiΩ
n
A ⊗A A/I
∞ //

(ZiΩ
n
A/d(φ
i
∗Ω
n−1
A ))⊗A A/I
∞ //

0
φi∗Ω
n−1
A/I∞
d // ZiΩ
n
A/I∞
// {ZiΩ
n
A/Is/d(φ
i
∗Ω
n−1
A/Is)}s
// 0
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The top row is exact since it results from applying − ⊗A A/I
∞ to an exact sequence of
finitely generated A-modules (Proposition 1.6(i)); the bottom row is exact by definition.
The right vertical arrow is a quotient, via the inverse Cartier map, of Zi−1Ω
n
A ⊗A A/I
∞ →
Zi−1Ω
n
A/I∞ , which is an isomorphism by the inductive hypothesis; hence the right vertical
arrow is surjective. The left vertical arrow is an isomorphism as usual. Hence the central
vertical arrow is surjective; but it is also injective since it is a restriction of the isomorphism
φi∗Ω
n
A ⊗A A/I
∞ ≃→ φi∗Ω
n
A/I∞ . This completes the inductive step.
The proof for Bi is entirely similar and hence omitted.
2.2 Preliminaries on Witt rings and Hodge–Witt groups
In this section we recall various basic results on de Rham–Witt complexes, especially re-
garding completions, from [31, 11, 7]; we work with more general rings than Fp-algebras,
since it causes no additional difficulty. We begin with a reminder on Witt rings of a ring A
and associated notation, restricting our attention to p-typical Witt rings Wr(A) since they
are sufficient for the main results. The Restriction, Frobenius and Verschiebung maps are
denoted as usual by
R, F :Wr(A) −→Wr−1(A), V : Wr−1(A) −→Wr(A),
and the Teichmu¨ller map by [·] = [·]r : A→Wr(A). The Restriction R and Frobenius F are
ring homomorphisms, while V is merely additive and [·] multiplicative.
Each element of Wr(A) may be written uniquely as a Witt vector (a0, . . . , ar−1) =∑r−1
i=0 V
i[ai]r−i for some ai ∈ A; we will often use this to reduce questions to the study
of terms of the form V i[a]r−i, which we will abbreviate by V
i[a] when r is clear from the
context.
If I ⊆ A is an ideal then Wr(I) denotes the ideal of Wr(A) defined as the kernel of the
quotient map Wr(A)։ Wr(A/I). Alternatively, Wr(I) is the Witt vectors of the non-unital
ring I. An element α ∈Wr(A) lies in Wr(I) if and only if, in its expansion α =
∑r−1
i=0 V
i[ai],
the coefficients ai ∈ A all belong to I.
Witt rings of Z(p)-algebras behave well in the presence of F-finiteness thanks to the
following results of A. Langer and T. Zink:
Theorem 2.6 (Langer–Zink [31, App.]). Let A be an F-finite Z(p)-algebra and r ≥ 1. Then:
(i) The Frobenius F : Wr+1(A)→Wr(A) is a finite ring homomorphism.
(ii) If B is a finitely generated A-algebra, then Wr(B) is a finitely generated Wr(A)-algebra.
(iii) If A is Noetherian then Wr(A) is also Noetherian.
We explicitly state the following standard lemma on chains of ideals in Witt rings, as it
will be used repeatedly:
Lemma 2.7. Let A be a ring, I ⊆ A an ideal, and N, r ≥ 1. Then Wr(I)
N ⊆ Wr(I
N ).
Moreover, if I is generated by finitely many elements t1, . . . , tm ∈ I, then there exists M ≥ N
such that Wr(I
M ) ⊆ 〈[t1]
N , . . . , [tm]
N 〉 ⊆Wr(I)
N .
Proof. See, e.g., [7, Lem. 2.1] and its proof.
We also explicitly state the following generalisations of Proposition 1.6 to the case of
Witt vectors:
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Proposition 2.8. Let A be a Noetherian, F-finite Z(p)-algebra, I ⊆ A an ideal, and r ≥ 1.
Then:
(i) If M is a finitely generated Wr(A)-module then {Tor
Wr(A)
i (M,Wr(A/I
s))}s = 0 for all
i > 0.
(ii) If M is a Wr−1(A)-module, then the canonical map
{FA∗ M ⊗Wr(A) Wr(A/I
s)}s −→ {F
A/Is
∗ (M ⊗Wr−1(A) Wr−1(A/I
s))}s
is an isomorphism of Wr(A)-modules.
Proof. (i) is a special case of Proposition 1.6(i), whose hypotheses are verified thanks to
Theorem 2.6(iii) and Lemma 2.7. (ii) is simply the statement that the chains of ideals
Wr(I
s) and F (Wr(I
s))Wr−1(A), for s ≥ 1, are intertwined. By Lemma 2.7 it is sufficient
to show instead that the chains 〈[t1]
s, · · · , [tm]
s〉 and 〈F ([t1]
s), · · · , F ([tm]
s)〉 are intertwined
for some set of generators t1, . . . , tm ∈ I; this follows from the identity F ([ti]) = [ti]
p.
We now review de Rham–Witt complexes (which, following common nomenclature, are
composed of Hodge–Witt groups). Given an Fp-algebra A, the existence and theory of the
p-typical de Rham–Witt complex WrΩ
•
A, which is a pro differential graded W (A)-algebra,
is due to Bloch, Deligne, and Illusie; see especially [21, Def. I.1.4]. It was later extended by
Hesselholt and Madsen to Z(p)-algebras with p odd, and by Costeanu [4] to Z(2)-algebras;
see the introduction to [17] for further discussion. Again, we will focus on the p-typical
case as it is sufficient for our main results. Recall that there are Restriction, Frobenius and
Verschiebung maps
R, F :WrΩ
n
A −→ Wr−1Ω
n
A, V : Wr−1Ω
n
A −→WrΩ
n
A
which are compatible with those on the Witt ring of A.
We need conditions under which the Hodge–Witt groups are finitely generated:
Lemma 2.9. Let A be a Noetherian, F-finite Z(p)-algebra in which p is nilpotent, and r ≥ 1.
Then Wr(A) is Noetherian and WrΩ
n
A is a finitely generated module over it.
Proof. Langer–Zink’s Theorem 2.6(iii) states that Wr(A) is Noetherian; it is also an F-finite
ring in which p is nilpotent (e.g., [7, Lem. 2.9]). Hence ΩnWr(A) is a finitely-generated Wr(A)-
module, as mentioned in Section 1.1. Since there is a natural surjection ΩnWr(A) → WrΩ
n
A,
the proof is now complete.
Next we recall some basic properties of the Hodge–Witt groups in the presence of an
ideal I ⊆ A; in this situation we write
WrΩ
n
(A,I) := Ker(WrΩ
n
A →WrΩ
n
A/I).
The following lemma recalls a standard result about this kernel:
Lemma 2.10. Let A be a ring, I ⊆ A a finitely generated ideal, and r ≥ 1. Then:
(i) WrΩ
•
(A,I) is the dg ideal of the dg algebra WrΩ
•
A generated by Wr(I) ⊆Wr(A)
(ii) For any n ≥ 0, the canonical maps Wr(A/I
s) ⊗Wr(A) WrΩ
n
A → WrΩA/Is induce an
isomorphism of pro Wr(A)-modules
{WrΩ
n
A ⊗Wr(A) Wr(A/I
s)}s
≃
−→ {WrΩ
n
A/Is}s.
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Proof. Claim (i), which does not require finite generation of I, is proved by directly checking
that the Restriction, Frobenius, and Verschiebung maps on WrΩ
•
A descend to the quotient
by the dg ideal generated by Wr(I); see [11, Lem. 2.4].
For (ii), note that the canonical maps are surjective, so one needs only to show that the
pro abelian group arising from the kernels is zero. This is an easy consequence of Lemma
2.7 and the Leibnitz rule; see, e.g., [11, Prop. 2.5], where the same result is proved.
Lemma 2.11. Let A be a Noetherian, F-finite Z(p)-algebra in which p is nilpotent, I ⊆ A
an ideal, r ≥ 1, and n ≥ 0. Then the canonical maps
WrΩ
n
A ⊗Wr(A) Wr(Â) −→WrΩ
n
Â
−→ lim
←−
s
WrΩ
n
A/Is
are isomorphisms, where Â denotes the I-adic completion of A.
Proof. Since WrΩ
n
A is finitely generated over the Noetherian ring Wr(A) by Lemma 2.9,
and since Wr(Â) coincides with the Wr(I)-adic completion of Wr(A) by [7, Lem. 2.3], the
canonical map
WrΩ
n
A ⊗Wr(A) Wr(Â) −→ lim←−
s
WrΩ
n
A ⊗Wr(A) Wr(A)/Wr(I)
s
is an isomorphism by standard commutative algebra [32, Thm. 8.7]. By Lemma 2.7, the
chains of ideals Wr(I
s) and Wr(I)
s are intertwined, so we may next replace Wr(A)/Wr(I)
s
on the right by Wr(A)/Wr(I
s) =Wr(A/I
s). Then applying Lemma 2.10(ii) reveals that
WrΩ
n
A ⊗Wr(A) Wr(Â)
≃
→ lim
←−
s
WrΩ
n
A/Is
But this isomorphism remains valid after replacing A by Â (which is still a Noetherian, F-
finite – by Section 1.1 –, Z(p)-algebra in which p is nilpotent) and I by IÂ; since Â/I
sÂ =
A/Is this means that
WrΩ
n
Â
≃
→ lim
←−
s
WrΩ
n
A/Is .
Combining the two isomorphisms completes the proof.
2.3 Filtrations on the de Rham–Witt complex of Fp-algebras
In this section we study the usual filtrations on the de Rham–Witt complex.
Definition 2.12. Let A be an Fp-algebra. The descending canonical, p-, and V -filtrations
on WrΩ
n
A are defined respectively by
FiliWrΩ
n
A := Ker(WrΩ
n
A
Rr−i
−−−→WiΩ
n
A).
FilipWrΩ
n
A := Ker(WrΩ
n
A
pr−i
−−−→WrΩ
n
A)
FiliV WrΩ
n
A := V
iWr−iΩ
n
A + dV
iWr−iΩ
n−1
A
It is an easy exercise, using standard de Rham–Witt identities which will occur for
example in Remark 2.18, to see that FiliV WrΩ
∗
A is the dg ideal of the dg algebra WrΩ
•
A
generated by V iWr−i(A) ⊆ Wr(A), and that there are inclusions of Wr(A)-submodules of
WrΩ
n
A:
FiliWrΩ
n
A ⊇ Fil
i
V WrΩ
n
A ⊆ Fil
i
pWrΩ
n
A.
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It was proved by Illusie [21, Prop. I.3.2 & I.3.4] that these three filtrations coincide if A is
regular (to be precise, Illusie proved the equality whenever A is smooth over a perfect field of
characteristic p, which extends to the regular case Ne´ron–Popescu desingularisation). Hes-
selholt then observed that the canonical and V -filtrations in fact coincide for any Fp-algebra
(the key observation is simply that for any fixed i ≥ 1, the groups Wr+iΩ
n
A/Fil
i
V Wr+iΩ
n
A,
for n ≥ 0 and r ≥ 1, have an induced structure of a Witt complex over A; a detailed proof in
the generality of log structures may be found in [19, Lem. 3.2.4]). In general the canonical
and p-filtrations do not coincide (e.g., if ap = 0 then the vector (a, 0) ∈ W2(A) is p-torsion
but not killed by R), and the goal of this section is note that they do coincide for formal
schemes under our usual hypotheses.
We first show that the filtrations behave well under base change along A → A/I∞,
similarly to Lemma 2.5:
Lemma 2.13. Let A be a Noetherian, F-finite Fp-algebra, and I ⊆ A an ideal. Then the
canonical maps of pro Wr(A)-modules
{(FiliWrΩ
n
A)⊗Wr(A) Wr(A/I
s)}s −→ {Fil
iWrΩ
n
A/Is}s
{(FilipWrΩ
n
A)⊗Wr(A) Wr(A/I
s)}s −→ {Fil
i
pWrΩ
n
A/Is}s
{(FiliV WrΩ
n
A)⊗Wr(A) Wr(A/I
s)}s −→ {Fil
i
V WrΩ
n
A/Is}s
are isomorphisms for all i, n ≥ 0 and r ≥ 1.
Proof. For each s ≥ 1 there is a natural commutative diagram of Wr(A/I
s)-modules
0 // FiliWrΩ
n
A ⊗Wr(A) Wr(A/I
s)

//WrΩ
n
A ⊗Wr(A) Wr(A/I
s)
Rr−i//

WrΩ
n
A ⊗Wr(A) Wr(A/I
s)

0 // FiliWrΩ
n
A/Is
//WrΩ
n
A/Is
Rr−i //WrΩ
n
A/Is
The bottom row is exact by definition. As pro abelian groups indexed over s ≥ 1, the top
row is exact by Proposition 2.8(i) and Lemma 2.9, and the central and right vertical arrows
are isomorphisms by Lemma 2.10(ii). Hence the left vertical arrow becomes an isomorphism
of pro abelian groups, proving the desired result for the canonical filtration, and hence also
the V -filtration with which it coincides. The same argument works for the p-filtration.
We will now show that the canonical and p-filtrations onWrΩ
n
A/I∞ coincide. In particular,
this implies that the p-torsion in WrΩ
n
A/I∞ vanishes in Wr−1Ω
n
A/I∞, whence the pro abelian
group {WsΩ
n
A/Is}s has no p-torsion, which will be used at several key moments later in the
paper:
Proposition 2.14. Let A be a regular, F-finite Fp-algebra, and n ≥ 0, r ≥ 1. Then the
inclusions of pro Wr(A)-modules
{FiliWrΩ
n
A/Is}s ⊇ {Fil
i
V WrΩ
n
A/Is}s ⊆ {Fil
i
pWrΩ
n
A/Is}s
are equalities, for all i ≥ 0.
Proof. As recalled immediately after Definition 2.12, the left inclusion is even an equality
for each fixed s ≥ 1, while the right inclusion would be an equality with A in place of A/Is;
hence the equality of the right inclusion follows from Lemma 2.13.
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Remark 2.15. The reader only interesting in Section 3 can skip the remainder of Section 2.
If B is any Fp-algebra, then multiplication p
i : WrΩ
n
B → WrΩ
n
B has image in Fil
iWrΩ
n
A
and sends Fil1WrΩ
n
B to Fil
i+1WrΩ
n
B (use Fil = FilV and the identity p = FV ), thus inducing
pi : ΩnA =WrΩ
n
B/Fil
1WrΩ
n
B → Fil
iWrΩ
n
B/Fil
i+1WrΩ
n
B .
Varying n yields a map of complexes pi : Ω•B → Fil
iWrΩ
•
B/Fil
i+1WrΩ
•
B , which Illusie proved
was a quasi-isomorphism if B is a smooth algebra over a perfect field [21, Corol. I.3.14]; we
will need the following formal version of his result in the proof of Theorem 6.17:
Corollary 2.16. Let A be a regular, F-finite Fp-algebra, I ⊆ A an ideal, and i ≥ 0. Then
pi : {Ω•A/Is}s → {Fil
iWrΩ
•
A/Is/Fil
i+1WrΩ
•
A/Is}s
is a quasi-isomorphism of pro complexes (i.e., induces an isomorphism on all the pro coho-
mology groups).
Proof. As usual Illusie’s result remains valid for A, by Ne´ron–Popescu desingularisation; the
resulting quasi-isomorphism pi : Ω•A
∼
→ FiliWrΩ
•
A/Fil
i+1WrΩ
•
A of abelian groups may be
seen as one of W2r(A)-modules p
i : F r∗R
r−1
∗ Ω
•
A
∼
→ F r∗ Fil
iWrΩ
•
A/F
r
∗ Fil
i+1WrΩ
•
A.
Base changing along W2r(A) → W2r(A/I
∞), with Proposition 2.8 and Lemma 2.13 in
mind, yields the desired quasi-isomorphism of pro complexes.
We finish this section by relating the Cartier filtration to the de Rham–Witt complex;
the exact sequences in the following lemma will be used in the proof of Theorem 4.6:
Lemma 2.17. Let A be a regular, F-finite Fp-algebra, I ⊆ A an ideal, and n ≥ 0, i ≥ 1.
Then the following sequences become exact when assembled into pro abelian groups over s ≥ 1:
0 −→ BiΩ
n
A/Is −→ Ω
n
A/Is
V r
−−→Wi+1Ω
n
A/Is (2.17i)
0 −→ Bi+1Ω
n
A/Is −→ Ω
n
A/Is
V r
−−→Wi+1Ω
n
A/Is/dV
rΩi−1A/Is (2.17ii)
0 −→ Zi+1Ω
n−1
A/Is −→ Ω
n−1
A/Is
dV r
−−→Wi+1Ω
n
A/Is (2.17iii)
Wi+1Ω
n−1
A/Is
Fn
−−→ Ωn−1A/Is
dV r
−−→Wi+1Ω
n
A/Is/V
rΩnA/Is (2.17iv)
Proof. By equations (3.8.1), (3.8.2), and (3.11.3) of [21], there are exact sequences of abelian
groups:
0 −→ BiΩ
n
A −→ Ω
n
A
V r
−−→Wi+1Ω
n
A
0 −→ Bi+1Ω
n
A −→ Ω
n
A
V r
−−→Wi+1Ω
n
A/dV
rΩi−1A
0 −→ Zi+1Ω
n−1
A −→ Ω
n−1
A
dV r
−−→Wi+1Ω
n
A
0 −→ ZiΩ
n−1
A −→ Ω
n−1
A
dV r
−−→Wi+1Ω
n
A/V
rΩnA
WiΩ
n
A
V
−→Wi+1Ω
n
A
F r
−−→ ZiΩ
n
A −→ 0
(Again, we are extending Illusie’s result in the smooth case to A using Ne´ron–Popescu desin-
gularisation.) The final two sequences may be assembled into an exact sequenceWi+1Ω
n−1
A
F r
−−→
Ωn−1A
dV r
−−→Wi+1Ω
n
A/V
rΩnA.
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By pulling back along appropriate maps as indicated, these may be viewed as exact
sequences of modules over the indicated rings:
Wi+1(A) 0 −→ R
r
∗BiΩ
n
A −→ F
r
∗Ω
n
A
V r
−−→ Wi+1Ω
n
A
Wi+1(A) 0 −→ R
r+1
∗ Bi+1Ω
n
A −→ F
r+1
∗ Ω
n
A
V r
−−→ F∗Wi+1Ω
n
A/dV
rΩi−1A
Wi+2(A) 0 −→ R
r+1
∗ Zi+1Ω
n−1
A −→ F
r+1
∗ Ω
n−1
A
dV r
−−→ F∗Wi+1Ω
n
A
Wi+1(A) Wi+1Ω
n−1
A
F r
−−→ Ωn−1A
dV r
−−→Wi+1Ω
n
A/V
rΩnA.
By now base changing to Wi+1(A/I
∞) (resp. Wi+2(A/I
∞) in the third case) using Proposi-
tion 2.8(ii) and Lemma 2.5, the proof is completed.
Remark 2.18. A possible source of confusion, which we should already perhaps have men-
tioned in Section 2.1, is that the results in [21] are stated in terms of e´tale sheaves, whereas
we prefer to take global sections in the affine case. For example, at the beginning of the
previous proof when appealing to [21], we implicitly used that the presheaves given by
A 7→ BiΩ
n
A, ZiΩ
n
A, dV
rΩi−1A , V
rΩnA, etc.
are in fact e´tale sheaves with vanishing higher cohomology on affines (otherwise, when taking
global sections in Illusie’s results, surjections might not be preserved and we might not get
the claimed global sections). This of course is well-known but, since it will be implicitly used
multiple times, we include a detailed explanation in one case, namely for A 7→ V rΩA.
If A→ A′ is an e´tale morphism of Fp-algebras then so isWr(A)→Wr(A
′) [31, Prop. A.8],
and the canonical base change map
WrΩ
n
A ⊗Wr(A) Wr(A
′) −→WrΩ
n
A′ (2)
[31, Prop. 1.7] is an isomorphism. The sequence of Wr(A)-modules
F i∗Wr−iΩ
n
A
V i
−→ WrΩ
n
A −→WrΩ
n
A/V
iWr−iΩ
n
A −→ 0
is exact. After applying −⊗Wr(A)Wr(A
′) this may be compared with the analogous sequence
for A′, whence (2) and the isomorphism F i∗Wr−i(A)⊗Wr(A)Wr(A
′)
≃
→ F i∗Wr−i(A
′) ofWr(A
′)-
modules [31, Corol. A.11] show that (WrΩ
n
A/V
iWr−iΩ
n
A)⊗Wr(A)Wr(A
′)
≃
→WrΩ
n
A′/V
iWr−iΩ
n
A′ .
It follows that
V iWr−iΩ
n
A ⊗Wr(A) Wr(A
′)
≃
→ V iWr−iΩ
n
A′ ,
which suffices.
2.4 Further preliminaries on Hodge–Witt groups: Frobenius-fixed points
Now we study the kernel and cokernel of the operator R − F on the Hodge–Witt groups,
particular in the presence of nilpotent elements. As in Section 2.2 we work with more general
rings than Fp-algebras when it causes no additional difficulty.
Given a ring A, we write
WrΩ
n,F=1
A := Ker(WrΩ
n
A
R−F
−−−→Wr−1Ω
n
A)
and similarly, if J ⊆ A is an ideal,
WrΩ
n,F=1
(A,J) := Ker(WrΩ
n
(A,J)
R−F
−−−→Wr−1Ω
n
(A,J)).
18
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Lemma 2.19. Let B be a ring, and I ⊆ J ⊆ B ideals such that I is nilpotent; fix n ≥ 0 and
r ≥ 1. Then:
(i) If x ∈WrΩ
n
B, then dx = (R− F )dx
′, where x′ := −
∑r
j=1 V
iRi−1x ∈Wr+1Ω
n
B.
(ii) The map R− F : Wr+1Ω
n
(B,I) → WrΩ
n
(B,I) is surjective.
(iii) The canonical maps WrΩ
n,F=1
B → WrΩ
n,F=1
B/I and WrΩ
n,F=1
(B,J) → WrΩ
n,F=1
(B/I,J/I) are sur-
jective.
Proof. (i): Applying the identity d = FdV to x, V Rx, . . . , V r−1Rr−1x ∈WrΩ
n
B, we see that
dx =FdV (x)
− dV (Rx) + FdV 2(Rx)
− · · ·
− dV r−1(Rr−1x) + FdV r(Rr−1x)
=(F −R)d(V x+ V 2Rx+ · · ·+ V rRr−1x) + V rRrx
=(F −R)d(V x+ V 2Rx+ · · ·+ V rRr−1x)
since Rrx = 0, as required.
(ii): Let N ≥ 0 be large enough so that Ip
N−1 = 0. We claim that any ω ∈ WrΩ
n
(B,I)
may be lifted to an element ω˜ ∈ W2r+NΩ
n
(B,I) satisfying F
r+N (ω˜) = 0. Once this claim has
been proved we can set
z :=
r+N−1∑
j=0
F r+N−1−jRj(ω˜) ∈Wr+1Ω
n
(B,I),
which satisfies
(R− F )z = Rr+N(ω˜)− F r+N (ω˜) = Rr+N(ω˜) = ω
and so completes the proof.
We will prove the claim in two steps. The first step is to show that each x ∈ Wr(I)
may be lifted to some x˜ ∈ W2r+N (I) such that both F
r+N (x˜) and F r+N (dx˜) are zero. It
is enough to suppose x = V i[b]i for some b ∈ I and i ∈ {0, . . . , r − 1}, where we must
clarify the Teichmu¨ller lift [·]i : A → Wi(B) with the correct subscript. We will show that
x˜ := Vi[b]2r+N−i ∈W2r+N (I), which is certainly a lift of x, has the desired property. Indeed,
FN+r(x˜) = FN+rV i[b]2r+N−i = p
iFN+r−i[b]2r+N−i = p
i[bp
N+r−i
]r = 0
by standard Witt vector identities and choice of N ; similarly,
FN+r(dx˜) = FN+rdV i[b]2r+N−i = F
n+r−id[b]2r+N−i = [a
pN−1]d[b]r = 0,
completing the first step of the claim.
Second step of the claim: By Lemma 2.10(i), WrΩ
∗
(B,I) is the differential graded ideal of
WrΩ
∗
B generated by Wr(I) ⊆ WrΩ
0
B. In other words, each element of WrΩ
n
(B,I) is a finite
sum of terms of the form ω = x dx1 · · · dxn where x, x1, . . . , xn are elements of Wr(B), at
least one of which belongs to Wr(I). Let x˜, x˜1, . . . x˜n ∈W2r+N (B) be lifts of these elements,
chosen with the convention that if the element belongs to Wr(I) then we choose a lift in
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W2r+N (I) with the property of the first step. Put ω˜ := x˜ dx˜1 · · · dx˜n ∈ W2r+NΩ
n
(B,I), which
is a lift of ω. Then FN+r(ω˜) = FN+r(x˜)FN+r(dx˜1) · · ·F
N+r(dx˜n) = 0 by choice of our lifts.
(iii): There is a commutative diagram with surjective vertical arrows:
WrΩ
n
B

R−F //Wr−1Ω
n
B

WrΩ
n
B/I R−F
//Wr−1Ω
n
B/I
Since the induced map on the kernels of the vertical arrows is surjective by (ii), it follows
that the induced map on the kernels of the horizontal arrows is also surjective, as required.
The more general case for an ideal J is the same argument, using the obvious identity
Ker(WrΩ
n
(B,J) →WrΩ
n
(A/I,J/I)) =WrΩ
n
(B,I).
Under mild finiteness hypotheses, the results of the previous lemma may be extended
to I-adically complete rings; this will provide a useful technique to lift problems to regular
rings:
Proposition 2.20. Let A be a Noetherian, F-finite Z(p)-algebra in which p is nilpotent, and
I ⊆ J ⊆ A ideals such that A is I-adically complete; fix n ≥ 0 and r ≥ 1. Then:
(i) The canonical maps WrΩ
n,F=1
A → lim←−s
WrΩ
n,F=1
A/Is
and WrΩ
n,F=1
(A,J)
→ lim
←−s
WrΩ
n,F=1
(A/Is,J/Is)
are isomorphisms.
(ii) The canonical maps WrΩ
n,F=1
A → WrΩ
n,F=1
A/I and WrΩ
n,F=1
(A,J) → WrΩ
n,F=1
(A/I,J/I) are sur-
jective.
(iii) The map R− F : WrΩ
n
(A,I) →Wr−1Ω
n
(A,I) is surjective.
Proof. (i): Taking the inverse limit over s ≥ 1 of the short exact sequences
0 −→ WrΩ
n,F=1
A/Is −→WrΩ
n
A/Is
R−F
−−−→Wr−1Ω
n
A/Is
and using Lemma 2.11 yields a short exact sequence
0 −→ lim
←−
s
WrΩ
n,F=1
A/Is −→WrΩ
n
A
R−F
−−−→Wr−1Ω
n
A,
whence WrΩ
n,F=1
A
≃
→ lim
←−s
WrΩ
n,F=1
A/Is . Taking the kernel of the map to WrΩ
n,F=1
A/J proves
WrΩ
n,F=1
(A,J)
≃
→ lim
←−s
WrΩ
n,F=1
(A/Is,J/Is).
(ii): Since the transition maps in the systems {WrΩ
n,F=1
A/Is }s and {WrΩ
n,F=1
(A/Is,J/Is)}s are
surjective, by Lemma 2.19(iii), the assertion follows from (i).
(iii): Lemmas 2.19 yields short exact sequences
0 −→WrΩ
n,F=1
(A/Is,I/Is) −→WrΩ
n
(A/Is,I/Is)
R−F
−−−→Wr−1Ω
n
(A/Is,I/Is) −→ 0,
where the transition maps over s ≥ 1 are surjective on the left group. Taking the limit and
using Lemma 2.11 yields
0 −→ lim
←−
s
WrΩ
n,F=1
(A/Is,I/Is) −→WrΩ
n
A,I
R−F
−−−→ Wr−1Ω
n
A,I −→ 0,
as desired.
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Remark 2.21 (The case of big de Rham–Witt complexes). Some of our results remain true
for big Hodge–Witt groups WSΩ
n
A associated to finite truncation sets S, although we do not
need them. For general terminology surrounding big Witt vectors and truncation sets, see
[17]. Given an inclusion of truncation sets S ⊇ T , there are associated Restriction, Frobenius
and Verschiebung maps
RT , FT : WSΩ
n
A →WTΩ
n
A, VT : WTΩ
n
A →WSΩ
n
A.
If m ≥ 1 is an integer then one defines a new truncation set by S/m := {s ∈ S : sm ∈ S}
and writes Rm, Fm, and Vm instead of RS/m, FS/m, and VS/m respectively. The p-typical
case is recovered with the truncation set S = {1, p, . . . , pr−1}.
If S is any finite truncation set in place of {1, p, . . . , pr−1} then Lemmas 2.7, 2.10, and
2.11 remain true. If we also fix m ≥ 1, then the obvious analogues of Lemma 2.19 and
Proposition 2.20 remains true for the morphism Rm − Fm : WSΩ
n
A →WS/mΩ
n
A
3 Interlude: logarithmic Hodge–Witt sheaves (n = 1) and
line bundles
In this section we study WrΩ
1
log, its relation to the fppf sheaf µpr , and and its role in
deforming line bundles on formal Fp-schemes. Section 4 and onwards do not depend on this
material, and so readers interested mainly in higher algebraic K-theory may skip this section.
3.1 A formal Cartier sequence and relation to µpr
The following Cartier sequence extends to regular formal Fp-schemes a well-known result for
smooth varieties, namely [21, Prop. 3.23.2], and it will underly the deformation results for
line bundles in Section 3.2:
Theorem 3.1. Let Y be a regular, F-finite formal Fp-scheme, Y1 →֒ Y a subscheme of
definition, and r ≥ 1. Then the following sequence of pro e´tale sheaves on Y1 is exact:
0 −→ {Gm,Ys}s
pr
−→ {Gm,Ys}s
dlog[·]
−→ {WrΩ
1
Ys,log}s −→ 0.
Proof. The necessary right exactness is tautological from the definition ofWrΩ
1
Ys,log
, and the
left exactness follows from Corollary 2.3 (which was stated in the affine case but remains true
for sheaves). Now we suppose that Y = Spf A is the formal spectrum of a regular, F-finite
Fp-algebra A which is complete with respect to an ideal I ⊆ A.
For any Fp-algebra B, there is a natural commutative diagram of abelian groups:
B×/B×p
r−1 p //
dlog[·]

B×/B×p
r //
dlog[·]

B×/B×p //
dlog

0
0 // Fil1pWrΩ
1
B
//WrΩ
1
B
Rr−1 // Ω1B
// 0
(3)
The top row is exact, and the bottom row is exact except possibly at the middle.
Now let B = A/Is and assemble diagram (3) into one of pro abelian groups indexed
over s ≥ 1. Then the bottom row becomes exact thanks to the equality {Fil1WrΩ
n
A/Is}s =
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{Fil1pWrΩ
n
A/Is}s of Proposition 2.14; the right vertical arrow becomes injective by Corollary
2.3; and the left vertical arrow becomes injective because the composition
{(A/Is ×)/(A/Is ×p
r−1
)}s
dlog[·]r−1
55
dlog[·]r// {Fil1pWrΩA/Is}s
R // {Wr−1ΩA/Is}s
may be assumed to be injective by induction on r ≥ 1. Hence the central vertical arrow
of diagram (3) becomes an injection of pro abelian groups, proving the necessary central
exactness of the theorem.
If Y is any Fp-scheme then dlog[·] induces a natural homomorphism H
∗
fppf(Y,µpr ,Y ) →
H∗−1e´t (Y,WrΩ
1
Y,log) which is known to be an isomorphism is Y is smooth over a perfect field
(further details will be recalled in the following proof); the previous theorem allows us to
prove an analogous result for formal schemes, which we include especially to unify the two
existing approaches to deforming line bundles in characteristic p (see Remark 3.9); we denote
by ρ the projection map from the fttp topos to the e´tale topos:
Corollary 3.2. Let Y be a regular, F-finite formal Fp-scheme, Y1 →֒ Y a subscheme of
definition, and r ≥ 1. Then the canonical map {Rρ∗µpr,Ys [1]}s → {WrΩ
1
Ys,log
}s of pro
complexes of Zariski sheaves is a quasi-isomorphism; i.e.,
{H ifppf(Ys,µpr,Ys)}s
≃
−→ {H i−1e´t (Ys,WrΩ
1
Ys,log)}s
for all i ≥ 0.
Proof. On any Fp-scheme Y , the sequence of fppf sheaves
0 −→ µpr ,Y −→ Gm,Y,fppf
pr
−→ Gm,Y,fppf −→ 0
is exact; applying the projection map ρ obtains vanishings Riρ∗µpr ,Y = 0 for i > 1 and an
exact sequence of e´tale sheaves
0→ ρ∗µpr,Y → Gm,Y,e´t
pr
−→ Gm,Y,e´t → R
1ρ∗µpr ,Y → 0,
were we use the fact that Rρ∗Gm,Y,fppf = Gm,Y,e´t [16, Thm. III.11.7]. Since the map dlog[·] :
Gm,Y,e´t → WrΩ
1
Y,log kills p
r-th-powers, it therefore induces dlog[·] : R1ρ∗µpr,Y → WrΩ
1
Y,log
and we arrive at a diagram
0 // Hne´t(Y, ρ∗µpr ,Y )
// Hnfppf(Y,µpr ,Y )
δ // Hn−1e´t (Y,R
1ρ∗µpr,Y )
dlog[·]

// 0
Hn−1e´t (Y,WrΩ
1
Y,log)
where the sequence associated to the change of topology is short exact.
Now adopt the hypotheses of the statement of the corollary and apply the previous
paragraph to Y = Ys for all s ≥ 1; in particular, there are exact sequences of pro e´tale
sheaves on Y1
0→ {ρ∗µpr ,Ys}s → {Gm,Ys,e´t}
pr
−→ {Gm,Ys,e´t} → {R
1ρ∗µpr ,Ys} −→ 0.
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Theorem 3.1 now implies that {ρ∗µpr ,Ys}s = 0 (which in any case is easy to see by a direct
argument) and dlog[·] : {R1ρ∗µpr,Ys}
≃
→ {WrΩ
1
Ys,log
}s (on the other hand, this is essentially
a reformation of the main content of Theorem 3.1). Hence
dlog[·] ◦ δ : {H ifppf(Ys,µpr ,Ys)}s −→ {H
i−1
e´t (Ys,WrΩ
1
Ys,log)}s
is an isomorphism for all i ≥ 0, as required.
Although it is not required in the remainder of this section we now explicitly mention
a consequence for the algebrisation of the fppf cohomology of µpr . On an Fp-scheme Y we
write
H∗fppf(Y,µp∞,Y ) := H
∗
fppf(Y, {µpr ,Y }r)
for the continuous fppf cohomology of the inverse system of sheaves · · ·
p
−→ µp2,Y
p
−→ µp,Y :
Corollary 3.3. Let A be a Noetherian, F-finite Fp-algebra which is complete with respect to
an ideal I ⊆ A, let X be a proper scheme over A, and write Ys := X ×A A/I
s for s ≥ 1.
Then the canonical map
H ifppf(X,µp∞,X) −→ lim←−
s
H ifppf(Ys,µp∞,Ys)
is surjective for all i ≥ 0.
Proof. In light of the previous corollary, this is exactly Corollary 6.15 (which depends only
on Sections 2 and Corollary 4.1) in the case n = 1.
3.2 The deformation of line bundles on formal schemes
In this section we apply Theorem 3.1 to the deformation and variational theory of line bundles
in characteristic p. The goal is to characterise whether a line bundle on an Fp-scheme Y can
be deformed in terms of its Chern class inside the cohomology groups
H2e´t(Y,Z/p
rZ(1)) := H1e´t(Y,WrΩ
1
Y,log), H
2
e´t(Y,Zp(1)) := H
1
e´t(Y, {WrΩ
1
Y,log}r),
where we use the notation of Section 1.3. The maps dlog[·] : Gm,Y → WrΩ
1
Y,log induce, on
e´tale cohomology, e´tale-motivic Chern classes
c1 : Pic(Y ) −→ H
2(Y,Z/prZ(1)) or H2(Y,Zp(1))
(the intended codomain will be clear from the context).
Our general result on deforming line bundles on formal schemes is as follows:
Theorem 3.4. Let Y be a regular F-finite, formal Fp-scheme whose reduced subscheme of
definition Y = Y1 is regular. Let L ∈ Pic(Y ). Then:
(i) Given r ≥ 1 there exists t ≥ pr (depending only on Y, not L) such that, if c1(L) ∈
H2e´t(Y,Z/p
rZ(1)) lifts to H2e´t(Yt,Z/p
rZ(1)) then L lifts to Pic(Ypr).
(ii) If c1(L) ∈ H
2
e´t(Y,Zp(1)) lifts to some c ∈ lim←−s
H2e´t(Ys,Zp(1)), then there exists L˜ ∈
lim
←−s
Pic(Ys) which lifts L and satisfies c1(L˜) = c. In other words, the sequence
lim
←−
s
Pic(Ys) −→ Pic(Y )⊕ lim←−
s
H2e´t(Ys,Zp(1)) −→ H
2
e´t(Y,Zp(1))
is exact.
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Proof. We compare the complex of e´tale sheaves 0→ Gm
pr
−→ Gm
dlog[·]
−−−−→ WrΩ
1
log → 0 for Ys
and Y , and take the kernel:
0

0

0

0 // Gm,(Ys,Y )

pr // Gm,(Ys,Y )
dlog[·]//

WrΩ
1
(Ys,Y ),log
//

0
0 // Gm,Ys

pr // Gm,Ys
dlog[·] //

WrΩ
1
Ys,log
//

0
0 // Gm,Y

pr // Gm,Y

dlog[·] //WrΩ
1
Y,log

// 0
0 0 0
Each vertical sequence is exact; the bottom row is exact by [21, Prop. 3.32.2]; the middle
row, hence also the top row, becomes exact when assembled into a sequence of pro e´tale
sheaves over s ≥ 1 by Theorem 3.1. Taking e´tale cohomology constructs a diagram
Pic(Ys)
pr //

Pic(Ys)
c1 //

H2e´t(Ys,Z/p
rZ(1))

Pic(Y )
pr //

Pic(Y )
δ
c1 // H2e´t(Y,Z/p
rZ(1))

H2e´t(Ys,Gm,(Ys,Y ))
pr // H2e´t(Ys,Gm,(Ys,Y ))
c1,(Ys,Y )// H1e´t(Ys,WrΩ
1
(Ys,Y ),log
)
Since the bottom row becomes exact when assembled into a sequence of pro abelian groups
over s ≥ 1, the following is true: for any s ≥ 1 there exists t ≥ s such that the image of
Ker c1,(Yt,Y ) in H
2
e´t(Ys,Gm,(Ys,Y )) lands inside the multiples of p
r. However, if pr ≥ s then pr
kills Gm,(Ys,Y ), and so the image of Ker c1,(Yt,Y ) in H
2
e´t(Ys,Gm,(Ys,Y )) is zero.
The proof of (i) is now completed by an easy diagram chase: if c1(L) lifts toH
2(Yt,Z/p
rZ(1)),
then c1,(Yt,Y ) kills δ(L), so δ(L) vanishes at level s, and so L lifts to Pic(Ys).
(ii): We may assemble the first diagram into one of pro e´tale sheaves indexed over the
diagonal r = s with exact rows and columns; note that in order to do this the transition
maps in the r-direction in the left column are scaled by a factor of p compared to the central
column. In particular, the top left entry of the diagram becomes the pro e´tale sheaf
· · ·
p
−→ Gm,(Y3,Y )
p
−→ Gm,(Y2,Y )
p
−→ Gm,(Y1,Y ),
which is zero since pr kills Gm,(Ys,Y ) whenever p
r ≥ s. In conclusion we obtain a bicartesian
diagram of pro e´tale sheaves on Y ,
{Gm,Ys}s
dlog[·] //

{WsΩ
1
Ys,log
}s

Gm,Y
dlog[·]
// {WsΩ
1
Ys,log
}s
(4)
and so taking continuous cohomology yields the following diagram of abelian groups with
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exact columns:
...

...

H1e´t(Y, {Gm,(Ys ,Y )}s)

∼= // H1e´t(Y, {WsΩ
1
(Ys,Y ),log
}s)

H1e´t(Y, {Gm,Ys}s)
c1 //

H1e´t(Y, {WsΩ
1
Ys,log
}s)

Pic(Y )
c1 //

H1e´t(Y, {WsΩ
1
Y,log}s)

H2e´t(Y,Gm,(Ys,Y ))

∼=
// H2e´t(Y, {WsΩ
1
(Ys,Y ),log
}s)

...
...
The middle vertical arrows may be factored respectively as
H1e´t(Y, {Gm,Ys}s)
(1)
−−→ lim
←−
s
Pic(Ys)→ Pic(Y )
and
H1e´t(Y, {WsΩ
1
Ys,log}s)
(2)
−−→ lim
←−
s
H1e´t(Ys, {WrΩ
1
Ys,log}r)→ H
1
e´t(Y, {WrΩ
1
Y,log}r),
and an easy diagram chase will complete the proof as soon as it is shown that arrows (1) and
(2) are surjective. But standard formalism of continuous cohomology and iterated inverse
limits (see the next remark) indeed imply that there are short exact sequences
0 −→ lim
←−
s
1H0e´t(Ys,Gm,Ys) −→ H
1
e´t(Y, {Gm,Ys}s)
(1)
−−→ lim
←−
s
Pic(Ys) −→ 0
and
0 −→ lim
←−
s
1 lim
←−
r
H0e´t(Ys,WrΩ
1
Ys,log) −→ H
1
e´t(Y, {WsΩ
1
Ys,log}s)
(2)
−−→ lim
←−
s
H1e´t(Ys, {WrΩ
1
Ys,log}r) −→ 0.
Remark 3.5. Since we will need to make a similar argument when treating higher codi-
mension cycles, we now explain the second short exact sequence arising at the end of the
previous proof. Let {Fr,s}r,s be a N
2-indexed inverse system of sheaves of abelian groups on
a reasonable site, such as the e´tale site of a scheme. Then we claim that there is a short
exact sequence in continuous cohomology for each n ≥ 0
0 −→ lim
←−
1
s
lim
←−r
Hn−1(Fr,s) −→ H
n
cont({Fs,s}s) −→ lim←−s
Hncont({Fr,s}r) −→ 0.
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This will follow from the commutative diagram of abelian groups
0

lim
←−
1
s
lim
←−r
Hn−1(Fr,s)

0 // lim
←−
1
s
Hn−1(Fs,s) //

Hncont({Fs,s}s)
//

lim
←−s
Hn(Fs,s) //

0
0 // lim
←−s
lim
←−
1
r
Hn−1(Fr,s)

// lim
←−s
Hncont({Fr,s}r) // lim←−s
lim
←−r
Hn(Fr,s) // 0
0
The left column is an exact sequence arising from a spectral sequence Eab2 = lim←−
a
s
lim
←−
b
r
Hn−1(Fr,s)⇒
lim
←−
a+b
s
Hn−1(Fs,s) of Roos and the fact that the only non-zero derived inverse limit over a
countable system of abelian groups is lim
←−
1[45]. The central row is the usual short exact
sequence in continuous cohomology. The bottom row results from applying lim
←−s
to the short
exact sequence in continuous cohomology associated to {Fr,s}r; in principle there is therefore
an obstruction term lim
←−
1
s
lim
←−
1
r
Hn−1(Fr,s) to right exactness, but this vanishes since it equals
lim
←−
2
s
Hn−1(Fs,s) = 0 by Roos. Since the right vertical arrow is an isomorphism, the desired
short exact sequence now follows from a diagram chase.
Remark 3.6 (The fppf approach). Under the hypotheses of Theorem 3.4, Corollary 3.2 says
that
{H∗fppf(Ys,µpr ,Ys)}s
≃
→ {H∗e´t(Ys,Z/p
r(1))}s.
Hence Theorem 3.4 may be equivalently stated as follows:
(i) Given r ≥ 1 there exists t ≥ pr (depending only on Y, not L) such that, if the fppf
class of L inside H2fppf(Y,µpr ,Y ) lifts to H
2
fppf(Yt,µpr ,Yt), then L lifts to Pic(Ypr).
(ii) If the fppf class of L in H2fppf(Y,µp∞,Y ) lifts to some c ∈ lim←−s
H2fppf(Ys,µp∞,Ys), then
there exists L˜ ∈ lim
←−s
Pic(Ys) which lifts L and whose fppf class is c.
We finish the section with two standard consequences of Theorem 3.4:
Corollary 3.7. Let A be a Noetherian, F-finite Fp-algebra which is complete with respect to
an ideal I ⊆ X, and let X be a proper scheme over A; assume that X and the special fibre
Y := X ×A A/I are regular. Then a line bundle L ∈ Pic(Y ) lifts to Pic(X) if and only if
c1(L) ∈ H
2
e´t(Y,Zp(1)) lifts to H
2
e´t(X,Zp(1)).
Proof. The implication “only if” is a consequence of functoriality. Conversely, if c1(L) lifts
to H2e´t(X,Zp(1)) then it certainly lifts to lim←−s
H2e´t(Ys,Zp(1)), whence Theorem 3.4(ii) (for
the completion of X along Y ) implies that L lifts to lim
←−s
Pic(Ys). But Grothendieck’s alge-
brisation theorem for line bundles states that Pic(X)→ lim
←−s
Pic(Ys) is an isomorphism.
Corollary 3.8. Let k be a field of characteristic p having a finite p-basis, X a smooth
projective k-variety, Y →֒ X a smooth ample divisor, and L ∈ Pic(Y ). Then L lifts to
Pic(X) if and only if c1(L) ∈ H
2
e´t(Y,Zp(1)) lifts to H
2
e´t(X,Zp(1)).
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Proof. As in the previous corollary, the implication “only if” is a consequence of functoriality.
Conversely, if c1(L) lifts to H
2
e´t(X,Zp(1)) then the same argument as the previous corollary
shows that L lifts to lim
←−s
Pic(Ys). But the Grothendieck–Lefschetz theorems [15, Exp. XI]
imply that any element of lim
←−s
Pic(Ys) lifts to Pic(U) for some open U ⊆ X containing Y ,
and the normality of X implies that Pic(X)→ Pic(U) is surjective; hence L lifts all the way
to Pic(X).
Remark 3.9 (Relation to earlier results). Weaker forms of the previous two corollaries were
presented in [39]: in Corollary 3.7 it was previously required that A = k[[t1, . . . , td]], with k a
finite or algebraically closed field, and that X was smooth over A; moreover the Picard and
cohomology groups were tensored by Z[1p ]; and in Corollary 3.8 it was previously required
that k be perfect, and the Picard and cohomology groups were tensored by Q. Those proofs
used higher algebraic K-theory and topological cyclic homology (essentially as the special
case when n = 1 of Section 6.5), which of course was very unsatisfactory, and a goal of this
section has been to give self-contained and purely algebraic proofs.
Although it does seem that the previous two corollaries are known to some experts, the
only reference we know containing similar results are two unpublished manuscripts of de Jong
[5, 6], both of which predate [39]. He essentially proved the fppf formulation of Theorem 3.4
which we explained in Remark 3.6, in the case that Y is a smooth ample divisor on a smooth
projective variety of dimension ≥ 3 over a finite field. The major motivation for proving
Corollary 3.2 was exactly to relate de Jong’s fppf approach to deforming line bundles with
the logarithmic Hodge–Witt approach implicit in [39].
Remark 3.10 (Pro Gersten vanishing (n = 1)). Let Y be a regular, F-finite, formal Fp-
scheme whose reduced subscheme of definition Y = Y1 is regular. Then we will show at the
end of this remark that there is a long exact sequence of pro abelian groups
0→ {H2Zar(Ys,Gm,Ys,Zar)}s → {H
2
e´t(Ys,Gm,Ys,e´t)}s → H
2
e´t(Y,Gm,Y,e´t)→ {H
3
Zar(Ys,Gm,Ys,Zar)}s → · · ·
relating the Zariski and e´tale cohomologies of Gm.
We explicitly state this consequence of our calculations because we have not seen it
previously and for the sake of later reference concerning a pro Gersten conjecture (Remark
6.11); this conjecture (or rather, question), in the case n = 1, asks exactly whether the pro
Zariski cohomologies appearing in the following sequence vanish, i.e., whether
{H ie´t(Ys,Gm,Ys,e´t)}s
≃
−→ H ie´t(Y,Gm,Y,e´t)
for all i ≥ 2. We do not know whether this is true.
To prove the existence of the long exact sequence, we must show that the following square
of pro complexes of Zariski sheaves on Y is homotopy cartesian:
{Gm,Ys,Zar}s //

{Rε∗Gm,Ys,e´t}s

Gm,Y,Zar // Rε∗Gm,Y,e´t
(The associated long exact sequence in Zariski cohomology is exactly what we seek, since
H iZar(Y,Gm,Y,Zar) = 0 if i > 1 and H
1
Zar(Y,Gm,Y,Zar)
≃
→ H1e´t(Y,Gm,Y,e´t).) By repeating the
proof of Theorem 3.4 in the Zariski topology, one sees that the Zariski analogue of square
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(4), i.e.,
{Gm,Ys,Zar}s
dlog[·] //

{WsΩ
1
Ys,log,Zar
}s

Gm,Y,Zar
dlog[·]
// {WsΩ
1
Ys,log,Zar
}s
is a bicartesian square of pro Zariski sheaves on Y . Comparing with Rε∗ of (4), it is necessary
and sufficient to show that the following square of pro complexes of Zariski sheaves on Y is
homotopy cartesian:
{WsΩ
1
Ys,log,Zar
}s //

{Rε∗WsΩ
1
Ys,log,e´t
}s

{WsΩ
1
Ys,log,Zar
}s // {Rε∗WsΩ
1
Ys,log,e´t
}s
This square is in fact homotopy cartesian for each fixed s; we will prove this in a moment in
Corollary 4.4 in greater generality.
4 Logarithmic Hodge–Witt sheaves (n ≥ 1)
This section is a systematic study of the logarithmic Hodge–Witt sheaves on general Fp-
schemes and regular formal Fp-schemes. We refer the reader to Sections 1.2 and 1.4 for
relevant notation used in this section.
4.1 Logarithmic Hodge–Witt sheaves on arbitrary Fp-schemes
We now apply the theory developed in Section 2 to study the logarithmic Hodge–Witt groups
of arbitrary Fp-algebras, often by using Proposition 2.20 to lift to the regular case.
Corollary 4.1. Let n ≥ 0 and r ≥ 1.
(i) If A is an Fp-algebra, then R(WrΩ
n,F=1
A ) ⊆Wr−1Ω
n
A,log,Zar.
(ii) If Y is a scheme on which p is locally nilpotent, then R − F : WrΩ
n
Y −→ Wr−1Ω
n
Y is
surjective in the e´tale topology.
(iii) If Y is an Fp-scheme, then the sequence of pro e´tale sheaves
0 −→ {WrΩ
n
Y,log}r −→ {WrΩ
n
Y }r
1−F
−−−→ {WrΩ
n
Y }r −→ 0
on Y is exact.
Proof. (i): If A is smooth over a perfect field of characteristic p, then this is due to Illusie
[21, I.5.7.4] as long as WrΩ
n
A,log,Zar is replaced by WrΩ
n
A,log (take m = 0 and use the identity
FilnWrΩ
n
A = KerR from Prop. I.3.4 of op. cit.); but these two groups of dlog forms are actu-
ally the same, by Theorem 1.2. Hence (i) is true whenever A is a regular Fp-algebra, since A
is then a filtered inductive limit of smooth Fp-algebras, by Ne´ron–Popescu desingularisation.
To prove the claim for an arbitrary A, it is enough, by taking a filtered inductive limit,
to consider the case that A is a finite type Fp-algebra. Hence we may write A as a quotient,
A = B/I, of a smooth Fp-algebra B (we could even let B be a polynomial algebra). Let
ω ∈ WrΩ
n,F=1
A . By Theorem 2.20(ii), ω may be lifted to some ω˜ ∈ WrΩ
n,F=1
B̂
, where
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B̂ is the I-adic completion of B, and our observations in the first paragraph imply that
R(ω˜) ∈Wr−1Ω
n
B̂,log,Zar
. Reducing to A, we deduce that R(ω) ∈Wr−1Ω
n
A,log,Zar, as required.
(ii): By first reducing to the case that Y is of finite type over Z and then passing to a
point in the e´tale topology, we may suppose that Y = SpecA, where A is a Noetherian, F-
finite, local, strictly Henselian Z(p)-algebra in which p is nilpotent. Let Â be the completion
of A at its maximal ideal m.
We now apply a standard Artin Approximation trick using Ne´ron–Popescu desingular-
isation. For any A-algebra B, set X(B) := Coker(WrΩ
n
(B,mB)
R−F
−−−→ Wr−1Ω
n
(B,mB)); then
the functor X : A -algs → Ab commutes with filtered inductive limits, which implies that
X(A) → X(Â) is injective. (Proof: By excellence the map A → Â is geometrically regular,
so Ne´ron–Popescu desingularisation implies we may write Â as a filtered inductive limit of
smooth A-algebras B. For each such B, the map A/m → B/mB has a section induced by
B/mB → Â/mÂ = A/m; since A is Henselian, the map A→ B therefore also has a section,
and so X(A) → X(B) has a section.) Proposition 2.20(iii) implies that X(Â) = 0, whence
X(A) = 0, i.e., R− F : WrΩ
n
(A,m) →Wr−1Ω
n
(A,m) is surjective.
To complete the proof, it is now enough to check that R − F : WrΩ
n
k → Wr−1Ω
n
k is
surjective, where k := A/m is a separably closed field of characteristic p with finite p-basis
(since A, hence k, is F-finite). But this surjectivity follows from Illusie’s aforementioned
result in the smooth case.
(iii): This is an immediate consequence of (i) and (ii).
Using similar arguments, we can also establish the coincidence of Zariski and e´tale loga-
rithmic forms in general, eliminating the regularity hypothesis in Theorem 1.2:
Corollary 4.2. Let A be an Fp-algebra. Then
(i) The inclusions WrΩ
n
A,log,Zar ⊆WrΩA,log,Nis ⊆WrΩ
n
A,log are equalities.
(ii) There exists a unique map F : WrΩ
n
A → WrΩ
n
A/dV
r−1Ωn−1A making the following
diagram commute, in which π denotes the canonical quotient map:
Wr+1Ω
n
A
R

F //WrΩ
n
A
pi

WrΩ
n
A
F //WrΩ
n
A/dV
r−1Ωn−1A
(iii) The sequence 0 −→WrΩ
n
A,log −→WrΩ
n
A
pi−F
−−−→WrΩ
n
A/dV
r−1Ωn−1A is exact.
Proof. (ii): The existence of F is an immediate consequence of the fact that KerR = V rΩnA+
dV r−1Ωr−1A (see the paragraph after Definition 2.12) and the standard identities FV = p,
FdV = d.
(i) & (iii): We will show that the kernel of π−F (which contains WrΩ
n
A,log) is contained
in WrΩ
n
A,log,Zar, which will simultaneously establish (i) and (iii). We consider the following
commutative diagram
Wr+1Ω
n
A
R−F //
R

WrΩ
n
A
pi

WrΩ
n
A
pi−F //WrΩ
n
A/dV
r−1Ωn−1A
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in which the induced map on the kernels of the verticals arrows is obviously surjective:
indeed, if ω ∈ Ωn−1A then dV
r−1ω = FdV rω = (R− F )dV r(−ω) where dV r(−ω) ∈ KerR.
Hence the induced map on the kernels of the left horizontal arrows is surjective; i.e.,
Ker(π − F ) = R(Wr+1Ω
n,F=1
A ), which is contained in WrΩ
n
A,log,Zar by Corollary 4.1(i).
Remark 4.3. When r = 1, the map F : ΩnA → Ω
n
A/dΩ
n−1
A of the Corollary 4.2 is course the
inverse Cartier map C−1 from Section 2.1 (this can be directly checked on a typical element
of ΩnA; see [21, Prop. I.3.3] for the argument in the smooth case, which works in general).
Part (iii) of the corollary then admits a generalisation to the Cartier filtration; to state it
note that, by definition of the Cartier filtration, the inverse Cartier map induces a map
C−1 : ΩnA/BiΩ
n
A → Ω
n
A/Bi+1Ω
n
A; also, for the sake of precise notation, let πi : Ω
n
A/BiΩ
n
A →
ΩnA/Bi+1Ω
n
A denote the canonical quotient map. Then we claim that the sequence
ΩnA,log,Zar −→ Ω
n
A/BiΩ
n
A
pii−C−1−−−−−→ ΩnA/Bi+1Ω
n
A
is exact.
Indeed, there is a commutative diagram of pro abelian groups with exact columns
0 0
ΩnA/Bi+1Ω
n
A
OO
pii+1−C
−1
// ΩnA/Bi+2Ω
n
A
OO
ΩnA/BiΩ
n
A
OO
pii−C
−1
// ΩnA/Bi+1Ω
n
A
OO
Bi+1Ω
n
A/BiΩ
n
A
OO
−C−1// Bi+2Ω
n
A/Bi+1Ω
n
A
OO
0
OO
0
OO
The bottom horizontal arrow is surjective by definition of the Cartier filtration, whence the
kernel of the middle horizontal arrow surjects onto the kernel of the top horizontal arrow.
So a trivial induction reduces our claim to the case i = 0, which is exactly Corollary 4.2(iii).
The next corollary, in which ε (resp. εNis) denotes the projection map from the e´tale
(resp. Nisnevich) topos to the Zariski topos, will play an important role later when passing
between the Zariski, Nisnevich, and e´tale topologies:
Corollary 4.4. Let Y →֒ Y ′ be a nilpotent thickening of Fp-schemes and n ≥ 0. Then the
canonical maps of pro complexes of Zariski sheaves
{WrΩ
n
(Y ′,Y ),log,Zar}r −→ {RεNis∗WrΩ
n
(Y ′,Y ),log,Nis}r −→ {Rε∗WrΩ
n
(Y ′,Y ),log}r
are quasi-isomorphisms.
Proof. Firstly, ε∗WrΩ
n
(Y ′,Y ),log =WrΩ
n
(Y ′,Y ),log,Zar by Corollary 4.2(i), which forces the inclu-
sions WrΩ(Y ′,Y ),log,Zar ⊆ εNis∗WrΩ(Y ′,Y ),log,Nis ⊆ ε∗WrΩ(Y ′,Y ),log to all be equalities.
Next, Corollary 4.1(iii) for both Y and Y ′ yields a short exact sequence of pro e´tale
sheaves on Y ′
0 −→ {WrΩ
n
(Y ′,Y ),log}r −→ {WrΩ
n
(Y ′,Y )}r
1−F
−→ {WrΩ
n
(Y ′,Y )}r −→ 0.
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Applying Riε∗ (and recalling from Remark 2.18 the standard result that the Hodge–Witt
sheaves have vanishing higher cohomology on affines), we see firstly that {Riε∗WrΩ
n
(Y ′,Y ),log}r =
0 for i > 1 and secondly that
{R1ε∗WrΩ
n
(Y ′,Y ),log}r = {Coker(ε∗WrΩ
n
(Y ′,Y )
R−F
−→ ε∗Wr−1Ω
n
(Y ′,Y ))}r.
But R− F is Zariski locally surjective in the relative nilpotent case by Lemma 2.19(ii), and
so it follows that {R1ε∗WrΩ
n
(Y ′,Y ),log}r = 0. This proves that the composition of the two
maps in the statement of the corollary is a quasi-isomorphism.
The previous paragraph works verbatim if ε is replace by the projection from the e´tale
topos to the Nisnevich topology, which we momentarily denote by ε′, thereby showing that
{WrΩ
n
(Y ′,Y ),log,Nis}r
∼
→ {Rε′∗WrΩ
n
(Y ′,Y ),log}r. By now applying RεNis∗ and using the assertion
about the composition which has already been proved, it follows that also {WrΩ
n
(Y ′,Y ),log}r
∼
→
{RεNis∗WrΩ
n
(Y ′,Y ),log,Nis}r.
The next result is needed in our later application to the weak Lefschetz conjecture for
Chow groups, as it will allow us to related logarithmic Hodge–Witt cohomology to Frobenius-
fixed points in crystalline cohomology:
Corollary 4.5. Let Y be an Fp-scheme, and fix n ≥ 0; let φ : x → x
p denote the absolute
Frobenius. Then the sequence of complexes of e´tale sheaves
0 −→WrΩ
n
Y,log[−n] −→WrΩ
•
Y
pn−φ
−→ WrΩ
•
Y −→ 0
is exact up to torsion killed by pn+1 (i.e., the three cohomology sheaves of the sequence are
killed by pn+1).
Proof. We will show that, in the e´tale topology:
(i) If i 6= n, the kernel and cokernel of pn − φ :WrΩ
i
Y →WrΩ
i
Y are killed by p
n+1.
(ii) The cokernel of pn − φ :WrΩ
n
Y →WrΩ
n
Y is WrΩ
n
Y /p
nWrΩ
n
Y .
(iii) The inclusion WrΩ
n
Y,log ⊆ Ker(p
n − φ : WrΩ
n
Y →WrΩ
n
Y ) has cokernel killed by p
n+1.
To prove (i), note that the composition (left or right) of pn−φ with
∑r−1
j=0 p
(n−i−1)j(RV )j+1
(resp.
∑r
j=0(p
i−nφ)j) is pn+1 (resp. pn) if i < n (resp. i > n).
(ii) is an immediate consequence of the identity (pn−φ)R = pn(R−F ) and the fact that
both maps R,R− F :Wr+1Ω
n
Y →WrΩ
n
Y are surjective (R− F by Corollary 4.1(ii)).
(iii): If ω is a section of WrΩ
n
Y killed by p
n−φ then it is also killed by R(pn−φ) = (R−
F )pn, whence R(pnω) ∈ Wr−1Ω
n
Y,log by Corollary 4.1(i); since R : WrΩ
n
Y,log → Wr−1Ω
n
Y,log
is surjective, there therefore exists ω′ ∈ WrΩ
n
Y,log such that ω
′ − pnω ∈ Filr−1WrΩ
n
Y . But
Filr−1WrΩ
n
Y = Fil
r−1
V WrΩ
n
Y ⊆ Fil
r−1
p WrΩ
n
Y by the properties of the filtrations recalled after
Definition 2.12, whence pn+1ω = pω′, as required.
4.2 The structure of the p-filtration for a regular, formal Fp-scheme
The following theorem extends to regular formal schemes, and to the Zariski/Nisnevich
topology, Illusie’s analysis of the p-filtration on logarithmic Hodge–Witt forms in the e´tale
topology on a smooth variety (see Remark 4.7). It is a key technical step in the paper,
without which many more of our results would only be stated in terms of double-indxed pro
abelian groups such as {WsΩ
n
A/Is,log}.
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Theorem 4.6. Let Y be a regular F-finite formal Fp-scheme, and Y1 →֒ Y a subscheme of
definition; fix n ≥ 0 and 1 ≤ i ≤ r. Letting τ denote the Zariski, Nisnevich, or e´tale topology,
the following sequence of pro τ -sheaves on Y1 is exact:
{WrΩ
n
Ys,log,τ}s
pi
−→ {WrΩ
n
Ys,log,τ}s
Rr−i
−→ {WiΩ
n
Ys,log,τ}s −→ 0
Remark 4.7. If Y is a smooth variety over a perfect field of characteristic p, then Illusie
[21, §I.5.7] proved exactness of the sequence of e´tale sheaves
WrΩ
n
Y,log
pi
−→WrΩ
n
Y,log
Rr−i
−→ WiΩ
n
Y,log −→ 0.
To understand the proof of Theorem 4.6, which initially appears rather technical and un-
motivated, we advise the reader to look at the proof of Illusie’s result, which is largely a
formal manipulation of the exact sequences which we quoted at the beginning of the proof
of Lemma 2.17. Our proof is a modification of these manipulations, in which we must take
care of certain pro systems, and which also works in the Zariski and Nisnevich topologies
since we have Corollary 4.2(i) at our disposal.
Proof of Theorem 4.6. For any Fp-scheme Y , the restriction mapR
r−i :WrΩ
n
Y,log,τ →WiΩ
n
Y,log,τ
clearly kills piWrΩ
n
Y,log,τ and is moreover a surjection of τ -sheaves since both sides are by
definition quotients of G⊗nm,Y . This proves exactness except at the the middle, which is the
following inclusion of pro τ -sheaves:
{Ker(WrΩ
n
Ys,log,τ
Rr−i
−−−→WiΩ
n
Ys,log,τ )}s ⊆ {p
iWrΩ
n
Ys,log,τ}s. (5)
It is convenient to rewrite the left side as {R(Ker(Wr+1Ω
n
Ys,log,τ
Rr+1−i
−−−−→ WiΩ
n
Ys,log,τ
)}s, by
surjectivity of the restriction map.
To begin the proof of (5), let Spf A be an affine open of Y, where A is a regular F-finite
Fp-algebra which is complete with respect to some ideal I ⊆ A. Given integers t ≥ s, we will
denote by τt,s : A/I
t → A/Is the canonical map, as well as the canonical map it induces on
the de Rham–Witt complex, etc. Then the inclusion (5), taking into account the rewriting
of the left side and using the terminology of Section 1.4, follows from (is even equivalent to,
if τ = e´t) the next assertion:
For each s ≥ 1 there exists t ≥ s such that the following inclusion holds for any
tft I-formally e´tale A-algebra A′:
τt,s(Γ(SpecA
′/ItA′,Wr+1Ω
n
Yt,log,τ ) ∩ Fil
iWr+1Ω
n
A′/ItA′)) ⊆ Γ(Spec(A
′/IsA′), piWrΩ
n
Ys,log,τ )
Since dlog forms are contained in the kernel of R− F , and τ is Zariski, Nisnevich, or e´tale,
the following inclusion is stronger:
τt,s(R(Wr+1Ω
n,F=1
A′/ItA′
∩ FiliWr+1Ω
n
A′/ItA′)) ⊆ Γ(Spec(A
′/IsA′), piWrΩ
n
Ys,log,Zar), (6)
and it is this which we shall eventually show is true to complete the proof of the theorem.
Because we closely follow Illusie’s proof of [21, (5.7.4)], it is actually more convenient to
prove (6) with r − 1 in place of r.
So we begin the proof properly now by picking integers s2, s1, s0 =: t as follows:
• Pick s2 ≥ s such that τs2,s(BiΩ
n
A/Is2 ) is killed by V
i, by Lemma 2.17i.
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• Pick s1 ≥ s2 such that τs1,s2(Ker(Ω
n
A/Is1
V r
−−→ Wi+1Ω
n
A/Is1/dV
iΩnA/Is1 )) ⊆ Bi+1Ω
n
A/Is2 ,
by Lemma 2.17ii.
• Pick t := s0 ≥ s1 such that τs0,s1(Ker(Ω
n
A/Is0
dV i−1
−−−−→ WiΩA/Is0 )) ⊆ F
iWi+1ΩA/Is1 , by
Lemma 2.17iv.
We will first prove that
τt,sR
r−i−1
(
WrΩ
n,F=1
A/It
∩ FiliWrΩ
n
A/It
)
⊆ V iΩnA/Is,log,Zar (7)
for i < r − 1. In an attempt to keep the proof readable, we will omit explicitly writing the
maps τ and simply “pass (from level t) to level s”.
Let x ∈ WrΩ
n,F=1
A/It ∩ Fil
iWrΩ
n
A/It. Since the canonical and V -filtrations coincide (para-
graph after Definition 2.12) we may write x = V iy + dV iz for some y ∈ Wr−iΩ
n
A/Is0 ,
z ∈Wr−iΩ
n−1
A/Is0 . Applying R
r−i−1 to the assumption that Fx = Rx yields
pV i−1Rr−i−1y + dV i−1Rr−i−1z = V iRr−iy + dV iRr−iz.
Since Rr−i kills y and z, and p kills ΩnA/Is0 , it follows that dV
i−1Rr−i−1z = 0 in ΩnA/Is0 .
Passing to level s1 and using surjectivity of the restriction map, it follows that there exists
u ∈WrΩ
n−1
A/Is1 such that F
iRr−iu = Rr−i−1z; in other words, z − F iu ∈ Fil1Wr−iΩ
n−1
A/Is1 .
Again using the equality of the canonical and V -filtrations, we may write z − F iu =
V z′+dV v for some z′ ∈Wr−i−1Ω
n−1
A/Is1 and v ∈Wr−i−1Ω
n−2
A/Is1 ; applying V
i gives V iz−piu =
V i+1z′ + pidV i+1v. Returning to the element x, we have proved that
x = V iy + d(V i+1z′ + pidV i+1v + piu)
= V iy′ + dV i+1z′, (8)
where y′ := y + F idu ∈Wr−iΩ
n
A/Is1 , and so the assumption that Fx = Rx now reads
V iFy′ + dV iz′ = V iRy′ + dV i+1Rz′.
Applying Rr−i−2 shows that V i(R − F )Rr−i−2y′ ∈ dV iΩn−1A/Is1 , whence passing to level s2
implies that (R− F )Rr−i−2y′ ∈ Bi+1Ω
n
A/Is2 .
Appealing to Remark 4.3, this means that (1 − C−1)Rr−i−1y′ ∈ Bi+1Ω
n
A/Is2/dΩ
n−1
A/Is2
and hence Rr−i−1y′ ∈ ΩnA/Is2 ,log,Zar +BiΩ
n
A/Is4 . Finally passing to level s, equation (8) now
implies that Rr−i−1x ∈ V iΩnA/Is,log,Zar.
This completes the proof of (7). However, it is important to observe that we have actually
proved a result which is preserved under e´tale base change: if A′ is any tft I-formally e´tale
A-algebra, then the three properties which hold by choice of s2, s1, s0 remain valid after
replacing A/Is? by A′/Is?A′ (and without picking new values of s2, s1, s0), since the three
properties behave well under e´tale base change (by the arguments of Remark 2.18). Hence
(7) is also valid after replacing A/It and A/Is by A′/ItA′ and A′/IsA′ respectively.
Fixing r ≥ 1, we will now prove the following by descending induction on i ≤ r: for each
s ≥ 1 there exists t ≥ s such that the following inclusion holds for any tft I-formally e´tale
A-algebra A′:
τt,s(R(WrΩ
n,F=1
A′/ItA′ ∩ Fil
iWrΩ
n
A′/ItA′)) ⊆ Γ(Spec(A
′/IsA′), piWr−1Ω
n
Ys,log,Zar). (9)
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This is exactly assertion (6) with r − 1 in place of r, and so this proof by induction will
complete the proof of the theorem.
The initial cases i = r, r− 1 of (9) are trivial since then the left side of (9) is zero. So let
i < r − 1, and by induction pick s′ ≥ s such that (9) holds for the index i+ 1, the integers
s′ ≥ s (instead of t ≥ s), and any tft I-formally e´tale A-algebra A′; then finally pick t ≥ s′
such that (7) holds for the integers t ≥ s′ (instead of t ≥ s) and any tft I-formally e´tale
A-algebra in place of A (by the previous step of the proof). Now let A′ be any tft I-formally
e´tale A-algebra; we must show that (9) holds.
So let x ∈ WrΩ
n,F=1
A′/ItA′
∩ FiliWrΩ
n
A′/ItA′ . By choice of t, there exists an element ω ∈
Ωn
A′/Is′A′,log,Zar
such that τt,s′R
r−i−1x = V iω. Then there is a finite Zariski cover {Spf A′λ}λ∈Λ
of Spf Â′, and elements fλ ∈ (A
′
λ/I
s′A′λ)
×⊗n such that ω|A′λ/Is
′A′λ
= dlog fλ.
So, for any λ ∈ Λ, one has
(τt,s′R
r−i−1x)|A′λ/Is
′A′λ
= V iω|A′λ/Is
′A′λ
= V i dlog fλ = p
i dlog[fλ]i+1,
where we have added a subscript to the Teichmu¨ller lift to make the level clear. In other
words, (τt,s′x)|A′λ/Is
′A′λ
−pi dlog[fλ]r ∈ Fil
i+1WrΩ
n
A′λ/I
s′A′λ
; but this element lies inWrΩ
n,F=1
A′λ/I
s′A′λ
(since each term does), whence the inductive hypothesis and choice of s′ imply that
(τt,sRx)|A′λ/IsA
′
λ
− pi dlog[τs′,sfλ]r−1 ∈ Γ(SpecA
′
λ/I
sA′λ, p
i+1Wr−1Ω
n
A′λ/I
sA′λ,log,Zar
).
Hence τt′,sRx ∈ Γ(Spec(A
′/IsA′), piWr−1Ω
n
Ys,log,Zar
), as required to complete the inductive
step proving (9), and so finish the proof.
Corollary 4.8. Let Y be a regular, F-finite formal Fp-scheme, and Y1 →֒ Y a subscheme of
definition; fix n ≥ 0 and i ≥ 1. Letting τ denote the Zariski, Nisnevich, or e´tale topology,
then the following sequence of pro τ -sheaves on Y1 is exact:
0 −→ {WsΩ
n
Ys,log,τ}s
pi
−→ {WsΩ
n
Ys,log,τ}s
{Rs−i}s
−→ {WiΩ
n
Ys,log,τ}s −→ 0.
That is, the canonical map {WsΩ
n
Ys,log,τ
⊗LZ Z/p
i}s → {WiΩ
n
Ys,log,τ
}s is an isomorphism.
Proof. Taking the diagonal over the indices r and s in Theorem 4.6 proves exactness except
at the left, which follows from the equality of the p- and canonical filtrations in Proposition
2.14.
Corollary 4.9. Let Y be a regular, F-finite formal Fp-scheme, and Y1 →֒ Y a subscheme of
definition; fix n ≥ 0 and 0 ≤ i ≤ r. Then the inclusions
{piWrΩ
n
Ys,log,Zar}s ⊆ {εNis∗(p
iWrΩ
n
Ys,log,Zar,Nis)}s ⊆ {ε∗(p
iWrΩ
n
Ys,log)}s
(inside {WrΩ
n
Ys,log,Zar
}s) of pro Zariski sheaves on Y1 are equalities.
Proof. If i = 0 then the inclusions are equalities for any fixed s ≥ 1 by Corollary 4.2(i). The
case i > 0 then follows by a straightforward induction from Corollary 4.8.
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4.3 Consequences of Theorem 4.6
Now we present some applications of Theorem 4.6 to logarithmic Hodge–Witt sheaves. First
we prove that they satisfy a pro excision property (more general pro cdh descent properties
also exist, but we do not discuss them in this paper); this will be used in Section 5:
Corollary 4.10. Let X be a regular, F-finite Fp-scheme, and Z,Z
′ →֒ X closed subschemes;
let τ be the Zariski, Nisnevich, or e´tale topology, and fix r ≥ 1, n ≥ 0. Then the square of
pro τ -sheaves on X
{WrΩ
n
(Z∪Z′)s,log,τ
}s //

{WrΩ
n
Zs,log,τ
}s

{WrΩ
n
Z′s,log,τ
}s // {WrΩ
n
(Z∩Z′)s,log,τ
}s
is bicartesian.
Proof. Since all arrows in the diagram are surjective in the τ -topology, it is sufficient to prove
that the square is cartesian.
If B is a Noetherian ring, I1, I2 ⊆ B are ideals, and M is a finitely generated B-module,
then elementary Artin–Rees arguments (using Proposition 1.6(i)) show that the square of
pro B-modules
{B/(I1 ∩ I2)
s}s //

{B/Is2}s

{B/Is1}s
// {B/(I1 + I2)
s}s
is bicartesian. Hence, if A is a Noetherian, F-finite Fp-algebra, and I, J ⊆ A are ideals, then
we may set B = Wr(A), I1 = Wr(I), I2 = Wr(J), and M = WrΩ
n
A, to obtain a bicartesian
square which, by Lemmas 2.7, 2.9, and 2.10(ii), will be exactly
{WrΩ
n
A/(I∩J)s}s
//

{WrΩ
n
A/Js}s

{WrΩ
n
A/Is}s
// {WrΩ
n
A/(I+J)s}s
This argument works verbatim for coherent sheaves, yielding a bicartesian square of pro e´tale
sheaves on X:
{WrΩ
n
(Z∪Z′)s
}s //

{WrΩ
n
Zs
}s

{WrΩ
n
Z′s
}s // {WrΩ
n
(Z∩Z′)s
}s
Taking the diagonal over r = s and then the kernel of R − F using Corollary 4.1, it follows
that
{WsΩ
n
(Z∪Z′)s,log
}s //

{WsΩ
n
Zs,log
}s

{WsΩ
n
Z′s,log
}s // {WsΩ
n
(Z∩Z′)s,log
}s
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is also bicartesian. Finally, applying − ⊗LZ Z/p
rZ yields yet another homotopy cartesian
square, which according to Corollary 4.8 is exactly the desired square in the e´tale topology:
{WrΩ
n
(Z∪Z′)s,log
}s //

{WrΩ
n
Zs,log
}s

{WrΩ
n
Z′s,log
}s // {WrΩ
n
(Z∩Z′)s,log
}s
Pushing to the Zariski or Nisnevich topology yields the desired square in the τ -topology,
by Corollary 4.2(i), and hence proves it is cartesian; but we have already observed that
cartnesianess is sufficient.
Secondly we show that logarithmic Hodge–Witt groups are continuous; this will be used
to prove continuity of K-theory in Section 6.3:
Corollary 4.11. Let A be a regular, local, F-finite Fp-algebra, and I ⊆ A an ideal such that
A is I-adically complete. Then the canonical map
WrΩ
n
A,log,Zar −→ lim←−
s
WrΩ
n
A/Is,log,Zar
is an isomorphism for all n ≥ 0, r ≥ 1.
Proof. Injectivity is clear from the isomorphism WrΩ
n
A
≃
→ lim
←−s
WrΩ
n
A/Is of Lemma 2.11. To
prove surjectivity, we consider the commutative diagram
Wr+1Ω
n,F=1
A
∼= //
R

lim
←−s
Wr+1Ω
n,F=1
A/Is
R

WrΩ
n
A,log,Zar
// lim
←−s
WrΩ
n
A/Is,log,Zar
in which the horizontal arrow is Proposition 2.20(i) and the vertical arrows are well-defined
by Corollary 4.1. If we can show that the right vertical arrow is surjective, the proof will be
complete; we will prove the stronger result that R : lim
←−s
Wr+1Ω
n
A/Is,log → lim←−s
WrΩ
n
A/Is,log
is surjective.
Indeed, taking lim
←−s
in Corollary 4.8 obtains an exact sequence
0 −→ lim
←−
s
WsΩ
n
A/Is,log,Zar
pr
−→ lim
←−
s
WsΩ
n
A/Is,log,Zar
(†)
−→ lim
←−
s
WrΩ
n
A/Is,log,Zar −→ 0,
where these is no lim
←−
1 obstruction to right exactness since the transition maps in the left
system are surjective. Since arrow (†) factors through lim
←−s
Wr+1Ω
n
A/Is,log, the proof is com-
plete.
Finally we prove a modification of Corollary 4.4 which we will need in Section 6.4:
Corollary 4.12. Let X be a regular, F-finite Fp-scheme, Y →֒ X a closed subscheme, fix
r ≥ 1, n ≥ 0. If Y is regular, then the canonical maps of pro complexes of Zariski sheaves
on Y
{WrΩ
n
(Ys,Y ),log,Zar
}s −→ {RεNis∗WrΩ
n
(Ys,Y ),log,Nis
}s −→ {Rε∗WrΩ
n
(Ys,Y ),log
}s
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are quasi-isomorphisms. If Y is gnc, then the canonical maps of pro complexes of Zariski
sheaves on Y (resp. X)
{WrΩ
n
Ys,log,Zar}s −→ {RεNis∗WrΩ
n
Ys,log,Nis}s
{WrΩ
n
(X,Ys),log,Zar
}s −→ {RεNis∗WrΩ
n
(X,Ys),log,Nis
}s
are quasi-isomorphisms.
Proof. Suppose first that Y is regular. Corollary 4.8 and its analogue for Y due to Illusie
yield a short exact sequence of pro τ -sheaves
0 −→ {WsΩ
n
(Ys,Y ),log,τ
}s
pr
−→ {WsΩ
n
(Ys,Y ),log,τ
}s
{Rs−r}s
−→ {WrΩ
n
(Ys,Y ),log,τ
}s −→ 0,
where τ is the Zariski, Nisnevich, or e´tale topology. Comparing the pushforwards of the
Nisnevich and e´tale versions to the Zariski version, we see it is sufficient to show that that
the canonical maps
{WsΩ
n
(Ys,Y ),log,Zar
}r −→ {RεNis∗WsΩ
n
(Ys,Y ),log,Nis
}s −→ {Rε∗WsΩ
n
(Ys,Y ),log
}s
are quasi-isomorphisms; but this is a consequence of Corollary 4.4.
Still assuming that Y is regular, the Gersten resolution for logarithmic Hodge–Witt the-
ory (Gros and Suwa for smooth varieties [14]; Shiho in general [48]) implies that WrΩ
n
Y,Zar
∼
→
Rε∗WrΩ
n
Y,Nis. Combining this with the previous paragraph, we deduce that {WrΩ
n
Ys,log,Zar
}s
∼
→
{RεNis∗WrΩ
n
Ys,log,Nis
}s.
Now suppose that Y is merely gnc, and proceed by induction on its complexity; let Z,Z ′
be a closed cover of Y such that Z, Z ′, and Z ′′ := Z ∩ Z ′ are gnc schemes of complexity
less than that of Y (these exists by Lemma 1.5). Comparing the Nisnevich pushforward of
the bicartesian square from Corollary 4.10 with the analogous Zariski square, the inductive
hypothesis shows {WrΩ
n
Ys,log,Zar
}s
∼
→ {RεNis∗WrΩ
n
Ys,log,Nis
}s.
Finally, still assuming that Y is gnc, the Gersten resolution onX implies thatWrΩ
n
Y,Zar
∼
→
Rε∗WrΩ
n
Y,Nis, whence {WrΩ
n
(X,Ys),log,Zar
}s
∼
→ {RεNis∗WrΩ
n
(X,Ys),log,Nis
}s.
5 Formal Geisser–Levine and Bloch–Kato–Gabber
theorems
In this section we present our main new construction in higher algebraic K-theory, namely
a formal dlog map for regular formal Fp-schemes.
5.1 Preliminaries on K-theory
The algebraic K-groups Kn of a ring or scheme are understood in the sense of Thomason–
Trobaugh [49].
To avoid unnecessarily restricting to rings with infinite residue fields, the notation KMn (A)
will be used to denote the improved Milnor K-theory of a ring A, as defined by Gabber and
Kerz [28]. Assuming that A is local, recall that this is a certain quotient of the usual Milnor
K-group, and that the two coincide if A is field or if the residue field of A has > Mn elements,
where Mn is some constant depending only on n (e.g., M2 = 5). If I ⊆ A is an ideal, then
KMn (A, I) := Ker(K
M
n (A)→ K
M
n (A/I)).
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The following version of the results of Geisser–Levine, Bloch–Kato–Gabber, and Izh-
boldin, is in principle well-known to experts, though as with Theorem 1.2 seems not to be
in the literature2:
Theorem 5.1 (Geisser–Levine, Bloch–Kato–Gabber, Izhboldin, Kato, et al.). Let A be a
regular, local Fp-algebra, and n ≥ 0. Then Kn(A) and K
M
n (A) are p-torsion-free, and the
maps
Kn(A)/p
r ←− KMn (A)/p
r dlog[·]−→ WrΩ
n
A,log
are isomorphisms.
Proof. By Ne´ron–Popescu desingularisation we may assume that A is essentially of finite
type over a perfect field k of characteristic p (although that is not necessary for many of the
steps). Let F denote the field of fractions of A, and put Y = SpecA. Then there are Gersten
sequences in logarithmic Hodge–Witt theory (Gros and Suwa [14])
0 −→WrΩ
n
A,log −→WrΩ
n
F,log −→
⊕
y∈Y 1
WrΩ
n−1
k(y),log −→ · · · , (10)
and in algebraic K-theory
0 −→ Kn(A) −→ Kn(F ) −→
⊕
y∈Y 1
Kn−1(k(y)) −→ · · ·
(Quillen [43]). The latter also holds with Z/pr-coefficients (by examination of Quillen’s
proof) and hence, using the absence of p-torsion in the algebraic K-theory of characteristic
p fields (Geisser–Levine [13]), we deduce that Kn(A) is p-torsion-free and that
0 −→ Kn(A)/p
r −→ Kn(F )/p
r −→
⊕
y∈Y 1
Kn−1(k(y))/p
r −→ · · · (11)
is exact.
By comparing (10) and (11) to the Gersten complex for Milnor K-theory
0 −→ KMn (A) −→ K
M
n (F ) −→
⊕
y∈Y 1
KMn−1(k(y)) −→ · · · , (12)
(constructed by Kato [25]), and using the validity of the isomorphisms of the theorem in the
case of a characteristic p field (Geisser–Levine again, and Bloch–Kato–Gabber [2, Corol. 2.8]),
it remains only to show that (12) is universally exact (note also that KMn (F ) is p-torsion-free
by Izhboldin [22], whence we will deduce the same for KMn (A)).
Ignoring “0 → KMn (A) →”, the universal exactness of (12) was proved by Rost [46]
(c.f., [3, 7.3(5)]). The universal exactness of
KMn (A) −→ K
M
n (F ) −→ ⊕y∈Y 1K
M
n−1(k(y))
is then due to Elbaz-Vincent and Mu¨ller-Stach [8, Prop. 4.3] if k is infinite, and in general it
is due to Kerz [27, Prop. 10(8) & Thm. 13]. Finally, the universal injectivity of KMn (A) →
KMn (F ) is due to Kerz: this follows from his analogous result for usual Milnor K-theory [28,
Thm. 6.1], together with his norm trick in the proof of [27, Prop. 10(8)].
2The history of the two theorems seems rather convoluted. Geisser–Levine proved the statement of Theo-
rem 5.1, but their definition of KMn (A) was as Ker(K
M
n (F )→ ⊕y∈Y 1K
M
n−1(k(y)), where we use the notation of
the proof. It does not seem that this was known to be generated by symbols before the work of Elbaz-Vincent
and Mu¨ller-Stach (and Kerz in the finite residue field case), and so it seems that Theorem 1.2 cannot have
been known before 2002, even in the case of a smooth variety over a perfect field.
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Remark 5.2. We used the surjectivity of dlog[·] : KMn (A) → WrΩ
n
A,log from the previ-
ous theorem to prove Theorem 1.2, namely that WrΩ
n
A,log,Zar = WrΩ
n
A,log. However, it is
more natural to view dlog[·] as a map in the Zariski topology and so we henceforth write
WrΩ
n
A,log,Zar in place of WrΩ
n
A,log.
For any regular Fp-algebra A (not necessary local), we define the homomorphism
dlognA,Z/pr : Kn(A;Z/p
r) −→WrΩ
n
A,log,Zar,
for each, n ≥ 0, r ≥ 1, as the composition
Kn(A;Z/p
r)→ H0Zar(Y,Kn,Y,Z/pr) = H
0
Zar(Y,Kn,Y /p
r)
∼= H0Zar(Y,K
M
n,Y /p
r)
dlog[·]
≃
→ H0Zar(Y,WrΩ
n
Y,log,Zar) =WrΩ
n
A,log,Zar
where Y = SpecA. Here Kn,Y is a Zariski sheaf of Quillen K-groups on X (and similarly for
Milnor K-theory, or with Z/pr-coefficients), and the central equality and isomorphisms were
recalled in the previous theorem. These maps are easily seen to be uniquely determined by
the following properties:
(i) (Naturality) dlogn−,Z/pr is natural for morphisms of regular Fp-algebras.
(ii) (Symbols) If α1, . . . , αn ∈ A
×, then dlognr,A({α1, . . . , αn}) = dlog[α1] · · · dlog[αn], where
we use the composition
dlognr,A : Kn(A) −→ Kn(A;Z/p
r)
dlognA,Z/pr
−−−−−−→WrΩ
n
A,log,Zar
(iii) (Compatibility as r →∞) The following diagram commutes:
Kn(A;Z/p
r+1)

dlogn
A,Z/pr+1 //Wr+1Ω
n
A,log,Zar
R

Kn(A;Z/p
r)
dlognA,Z/pr
//WrΩ
n
A,log,Zar
(iv) (Multiplicativity) dlog∗AZ/pr : K∗(A;Z/p
r) → WrΩ
∗
A,log,Zar is a homomorphism of
graded rings.
5.2 The formal dlog map: statements of main properties
The goal of this section is to state the existence of our pro/formal analogue of dlognA,Z/pr ,
whose basic properties are summarised in the following theorem, and then to present various
analogues of Theorem 5.1; proofs are contained in the next section.
Theorem 5.3. For any regular, F-finite Fp-algebra A and ideal I ⊆ A, there are homomor-
phisms of pro abelian groups
dlognA/I∞,Z/pr : {Kn(A/I
s;Z/pr)}s −→ {WrΩ
n
A/Is,log,Zar}s
for all n ≥ 0, r ≥ 1 such that the following properties are satisfied:
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(i) (Naturality) dlogn−,Z/pr is natural for morphisms of pairs A, I (in the obvious sense).
(ii) (Symbols) The composition
{KMn (A/I
s)}s −→ {Kn(A/I
s)}s
dlognr,A/I∞
−−−−−−−→ {WrΩ
n
A/Is,log,Zar}s
is induced by the homomorphisms dlog[·] : KMn (A/I
s) −→ WrΩ
n
A/Is,log,Zar, where we
use the composition
dlognr,A/I∞ : {Kn(A/I
s)}s −→ {Kn(A/I
s;Z/pr)}s
dlognA/I∞,Z/pr
−→ {WrΩ
n
A/Is,log,Zar}s.
(iii) (Compatibility as r→∞) The following diagram commutes:
{Kn(A/I
s;Z/pr+1)}s

dlogn
A/I∞,Z/pr+1// {Wr+1Ω
n
A/Is,log,Zar}s
R

{Kn(A/I
s;Z/pr)}s
dlognA/I∞,Z/pr
// {WrΩ
n
A/Is,log,Zar}s
(iv) (Multiplicativity) dlog∗A/I∞,Z/pr : {K∗(A/I
s;Z/pr)}s → {WrΩ
∗
A/Is,log,Zar}s is a homo-
morphism of graded pro rings.
(v) (Discrete case, i.e., I = 0) dlognA/0∞,Z/pr = dlog
n
A,Z/pr .
(vi) (Compatibility with completion) The following diagram commutes:
Kn(Â;Z/p
r)
dlogn
Â,Z/pr //

WrΩ
n
Â,log,Zar

{Kn(A/I
s;Z/pr)}s
dlognA/I∞,Z/pr
// {WrΩ
n
A/Is,log,Zar}s
where Â := lim
←−s
A/Is is the I-adic completion of A.
The central goal of the paper is the following analogue of the theorems of Geisser–Levine,
Bloch–Kato–Gabber, et al. recalled in Theorem 5.1:
Theorem 5.4. Let A be a regular, F-finite Fp-algebra, and I ⊆ A an ideal such that A/I is
gnc and local. Then the pro abelian group {Kn(A/I
s)}s is p-torsion-free, and
dlognA/I∞,Z/pr : {Kn(A/I
s;Z/pr)}s −→ {WrΩ
n
A/Is,log,Zar}s
is an isomorphism for all n ≥ 0, r ≥ 1.
Corollary 5.5. Let A, I be as in Theorem 5.4. Then the natural homomorphisms of pro
abelian groups
{Kn(A/I
s)/pr}s ←− {K
M
n (A/I
s)/pr}s
dlog[·]
−→ {WrΩ
n
A/Is,log}s
are surjective and have the same kernel.
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Proof. The following diagram commutes
{Kn(A/I
s)/pr}s

{KMn (A/I
s)/pr}soo
dlog[·]// // {WrΩ
n
A/Is,log,Zar}s = {WrΩ
n
A/Is,log}s
{Kn(A/I
s;Z/pr)}s dlog
n
A/I∞,Z/pr
44
by Theorem 5.3(ii); the equality on the right is Corollary 4.2(i)). The previous theorem
implies that the vertical and diagonal arrows are isomorphisms, which obviously completes
the proof.
Using a pro excision argument, Theorem 5.4 will be reduced to the case that A/I is
regular. Then A/I is formally smooth over Fp by Lemma 1.1 (this does not require A/I to
be local), and so the quotient maps A/Is → A/I have compatible splittings for all s ≥ 1;
hence we may take kernels in the commutative diagram
{Kn(A/I
s;Z/pr)}s
dlognA/I∞,Z/pr

// Kn(A/I,Z/p
r)
dlognA,Z/pr

{WrΩ
n
A/Is,log,Zar}s
//WrΩ
n
A/I,log,Zar
to induce a relative morphism
dlogn(A/I∞,I/I∞),Z/pr : {Kn(A/I
s, I/Is;Z/pr)}s → {WrΩ
n
(A/Is,I/Is),log,Zar}s.
To prove Theorem 5.4, we will first show:
Theorem 5.6. Let A be a regular, F-finite Fp-algebra, and I ⊆ A an ideal such that A/I is
also regular. Then dlogn(A/I∞,I/I∞),Z/pr is an isomorphism for all n ≥ 0, r ≥ 1.
Taking the diagonal over r = s, we then obtain the composition
dlogn(A/I∞,I/I∞) : {Kn(A/I
s, I/Is)}s −→ {Kn(A/I
s, I/Is;Z/ps)}s
≃
−→ {WsΩ
n
(A/Is,I/Is),log,Zar}s,
where the isomorphism is a consequence of Theorem 5.6.
Corollary 5.7. Let A be a regular, F-finite Fp-algebra, and I ⊆ A an ideal such that A/I
is also regular. Then dlogn(A/I∞,I/I∞) is an isomorphism for all n ≥ 0.
Proof. Because of Theorem 5.6, it remains only to show that the canonical map
{Kn(A/I
s, I/Is)}s −→ {Kn(A/I
s, I/Is;Z/ps)}s
is an isomorphism. But this is a consequence of the fact that relativeK-groups of infinitesimal
thickenings in characteristic p are known to be p-torsion of bounded exponent [12, Thm. A].
Remark 5.8. We stated, and will prove, Theorem 5.3–5.6 in the affine case only to simplify
notation: there is no difficulty sheafifying the construction in the Zariski, Nisnevich, or e´tale
topology. This sheafification does not strictly follow from the given statements (since a map of
pro sheaves which is an isomorphism on all opens is not necessarily an isomorphism, because
the necessary bounds in the pro systems may be uncontrollable), but rather from the proofs,
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which can be repeated verbatim in terms of sheaves on a formal scheme (particularly since
we were careful to state Theorem 4.6 in terms of pro e´tale sheaves, by controlling the bounds
in the proof3). Here we briefly state, for the sake of completeness and our applications, the
main results in the generality of formal schemes. Let τ denote the Zariski, Nisnevich, or
e´tale topology, and let Kn,Y,τ denote the τ -sheafification of the n
th K-group presheaf on Y ,
and similarly for Z/pr-coefficients (we omit τ when it denotes the Zariski topology).
Given a regular, F-finite formal Fp-scheme Y, and a subscheme of definition Y := Y1 →֒ Y,
Theorem 5.3 generalises to the existence of a homomorphism of pro τ -sheaves on Y1
dlognY ,Z/pr : {Kn,Ys,Z/pr ,τ}s −→ {WrΩ
n
Ys,log,τ}s
which satisfies the following properties:
(i) (Naturality) dlogn−,Z/pr is natural for morphisms of regular, F-finite Fp-schemes.
(ii) (Symbols) The composition
{KMn,Ys,τ}s −→ {Kn,Ys,Z/pr ,τ}s
dlogn
Y,Z/pr
−−−−−−→ {WrΩ
n
Ys,log,τ}s
is induced dlog[·].
(iii) (Compatibility as r →∞) The obvious generalisation of Theorem 5.3(iii).
(iv) (Multiplicativity) dlog∗Y ,Z/pr : {K∗,Y ,Z/pr,τ}s → {WrΩ
∗
Y ,log,τ}s is a homomorphism of
pro sheaves of graded rings.
(v) (Discrete case) If Y = Y , then dlognY ,Z/pr equals the already defined dlog
n
Y,Z/pr .
(vi) (Compatibility with affine case) If Y = Spf A, where A is a regular, F-finite Fp-algebra,
and I ⊆ A is the defining ideal of Y , then (the homomorphism induced on global
section by) dlognY ,Z/pr is dlog
n
A/I∞,Z/pr .
If the subscheme of definition Y is gnc, then Theorem 5.4 generalises to an isomorphism
dlognY ,Z/pr : {Kn,Ys,Z/pr,τ}s
≃
→ {WrΩ
n
Ys,log,τ
}s of pro τ -sheaves on Y , and states that {Kn,Ys,τ}s
is p-torsion-free.
If Y is actually regular, then Theorem 5.6 and Corollary 5.7 generalise to
dlogn(Y ,Y ),Z/pr : {Kn,(Ys,Y ),Z/pr ,τ}s
≃
→ {WrΩ
n
(Ys,Y ),log,τ
}s
and
dlogn(Y ,Y ) : {Kn,(Ys,Y ),τ}s
≃
→ {WrΩ
n
(Ys,Y ),log,τ
}s.
5.3 Proofs of Theorem 5.3–5.4
The proofs use not only the earlier results concerning logarithmic Hodge–Witt sheaves on
formal schemes, but also topological cyclic homology via McCarthy’s theorem and the pro
Hochschild–Kostant–Rosenberg theorem. Hence some familiarity with topological cyclic ho-
mology and its notation is required, for which we refer the reader to, e.g., [9] or [7].
3Being careful, we should note that the pro-HKR theorem [7] also holds as sheaves, by controlling bounds
on the pro systems involved. This follows easily from the compatibility of both sides of the upcoming
isomorphism (pro-HKR) with e´tale base change.
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Proof of Theorem 5.3: construction of dlognr,A/I∞. The construction begins with the pro ver-
sion of the Hochschild–Kostant–Rosenberg (HKR) theorem in topological cyclic homology for
the fixed point spectra TRr. If A is an Fp-algebra, then the pro graded ring {TR
r
∗(A; p)}r is a
p-typical Witt complex with respect to its operators F, V,R; by universality of the de Rham–
Witt complex, there are therefore natural maps of graded Wr(A)-algebras [18, Prop. 1.5.8]
λr,A :WrΩ
∗
A → TR
r
∗(A; p) for r ≥ 0, which are compatible with the Frobenius, Verschiebung,
and Restriction maps (in other words, a morphism of p-typical Witt complexes).
From now on in the proof assume that A is regular and F-finite, and let I ⊆ A be any
ideal. Hesselholt’s HKR theorem [18, Thm. B] implies that the resulting map of pro abelian
groups
λA : {WrΩ
n
A}r −→ {TR
r
n(A; p)}r
is an isomorphism for each n ≥ 1; similarly, the pro HKR theorem of the author and Dundas
[7] implies that
λA/I∞ : {WsΩ
n
A/Is}s −→ {TR
s
n(A/I
s; p)}s (pro-HKR)
is an isomorphism. (We remark that both the HKR and pro HKR theorem give more precise
statements about TRrn for fixed r, but we do not need them here.)
Since the pro abelian group {WsΩ
n
A/Is}s has no p-torsion (Proposition 2.14), the pro
HKR isomorphism also induces an isomorphism
λA/I∞,Z/pr : {WsΩ
n
A/Is/p
r}s
≃
−→ {TRsn(A/I
s; p,Z/pr)}s
which is compatible with the Frobenius and Verschiebung on each side.
We now consider the following diagram, in which the squares commute and the top row
is exact:
{TCsn(A/I
s; p,Z/pr)}s // {TR
s
n(A/I
s; p,Z/ps)}s
R−F//
∼=λ
−1
A/I∞,Z/pr

{TRs−1n (A/I
s; p,Z/pr)}s
∼=λ
−1
A/I∞,Z/pr

{Kn(A/I
s;Z/pr)}s
∃ dlognA/I∞,Z/pr ))❙
❙
❙
❙
❙
❙
❙
❙
tr
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
{WsΩ
n
A/Is/p
r}s
{Rs−r}s

R−F // {Ws−1Ω
n
A/Is/p
r}s
{Rs−1−r}s

{WrΩ
n
A/Is,log,Zar}s

 // {WrΩ
n
A/Is}s
R−F // {Wr−1Ω
n
A/Is}s
The composition of the four maps from {Kn(A/I
s;Z/pr)}s to {WrΩ
n
A/Is}s has image inside
{R(Ker(Wr+1Ω
n
A/Is/p
r R−F−−−→WrΩ
n
A/Is))}s
(because the projection {Rs−r}s factors through {Wr+1Ω
n
A/Is/p
r}s), which is contained inside
{WrΩ
n
A/Is,log,Zar}s by Corollary 4.1(i). Therefore there exists a unique dashed arrow making
the diagram commute.
Now we must show that dlognA/I∞,Z/pr has all the properties in the statement of Theo-
rem 5.3:
(i), (iii), & (iv): dlognA/I∞,Z/pr is natural in the pair (A, I), compatible as r → ∞, and
multiplicative because the same is true of all the maps Kn
tr
−→ TCsn → TR
s
n
R
−→ TRs−1n and
λ : WrΩ
n → TRrn. The only one of these assertions which is not completely standard is
that the trace map is multiplicative, but this was proved by Geisser and Hesselholt [10,
Corol. 6.4.1].
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(ii): By (iv) it is enough to consider the case n = 1, which is a consequence of [10,
Corol. 6.4.1] and its proof (note that their B corresponds to the differential on the de Rham–
Witt complex and that their is the Teichmu¨ller map).
(v): It follows from (ii) that the maps dlognA,Z/pr ,dlog
n
A/0∞,Z/pr : Kn(A) → WrΩ
n
A,log,Zar
agree on symbols; but Kn(A;Z/p
r) = Kn(A)/p
r is generated by symbols, by Geisser–Levine
(see Theorem 5.1), and so the maps agree in general.
(vi): It follows from naturality that the given square commutes if dlogn
Â,Z/pr
is replaced
by dlogn
Â/0∞,
¯
Z/pr
; but we have just shown in (v) that these maps are equal.
Proof of Theorem 5.6. Let A be a regular, F-finite Fp-algebra and I ⊆ A an ideal such that
A/I is regular. Recall that A/I is formally smooth over Fp, by Lemma 1.1, and so the
quotient maps A/Is → A/I have compatible splittings for all s ≥ 1. By comparing the main
diagram in the previous proof to the analogous diagram for the regular Fp-algebra A/I itself
(which is standard; otherwise just apply our construction to A/I with the zero ideal), one
obtains an analogous commutative diagram of relative theories:
{TCsn(A/I
s, A/I; p,Z/pr)}s
(†) // {TRsn(A/I
s, A/I; p,Z/ps)}s
R−F//
∼=

{TRs−1n (A/I
s, A/I; p,Z/pr)}s
∼=

{Kn(A/I
s, A/I;Z/pr)}s
dlogn(A/I∞,A/I),Z/pr **❯❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯
tr
∼=
44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐
{WsΩ
n
(A/Is,A/I)/p
r}s
{Rs−r}s

R−F // {Ws−1Ω
n
(A/Is,A/I)/p
r}s
{Rs−1−r}s

{WrΩ
n
(A/Is,A/I),log,Zar}s

 // {WrΩ
n
(A/Is,A/I)}s
R−F // {Wr−1Ω
n
(A/Is,A/I)}s
The trace map is an isomorphism by Geisser–Hesselholt’s strengthening of the McCarthy
theorem [12, Thm. B].
The relative form of Corollary 4.1(iii), together with the surjectivity of R − F in the
relative nilpotent setting (Lemma 2.19) and the coincidence of Zariski and e´tale logarithmic
forms (Corollary 4.2(i)), implies that the sequence
0 −→ {WrΩ
n
(A/IsA/I),log,Zar}r −→ {WrΩ
n
(A/Is,A/I)}r
R−F
−→ {Wr−1Ω
n
(A/Is,A/I)}r −→ 0
is exact for any s ≥ 1. By taking the diagonal over r = s and noting that the resulting pro
abelian groups have no p-torsion by Proposition 2.14, there is a similar short exact sequence
mod pr:
0 −→ {WsΩ
n
(A/IsA/I),log,Zar/p
r}r −→ {WsΩ
n
(A/Is,A/I)/p
r}r
R−F
−→ {Ws−1Ω
n
(A/Is,A/I)/p
r}s −→ 0
In particular, the central R− F in the diagram is surjective, which implies the same for
the top R− F ; since this holds for all n ≥ 0, we deduce that the long exact sequence which
is implicit in the top row of the diagram breaks into short exact sequences and so arrow (†)
is injective. Therefore we may add
{TCsn(A/I
s, A/I; p,Z/pr)}s
∼=

{WsΩ
n
(A/IsA/I),log,Zar/p
r}r
{Rs−r}

{WrΩ
n
(A/Is,A/I),log,Zar}s
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to the diagram in such a way that it still commutes. But the lower vertical arrow {Rs−r}
occurring here is also an isomorphism, by applying Corollary 4.8 in the Zariski topology to
both Spf A and SpecA/I.
It follows that dlogn(A/I∞,A/I),Z/pr is an isomorphism, as required to complete the proof.
Proof of Theorem 5.4. We will first prove the theorem in the case that A/I is regular: so A
is still a regular F-finite Fp-algebra, but I ⊆ A is now an ideal such that A/I is both local
and regular. Then there is a commutative diagram of pro abelian groups in which the rows
are short exact
0 // {Kn(A/I
s, I/Is;Z/pr)}s //
dlogn(A/I∞,I/I∞),Z/pr

{Kn(A/I
s;Z/pr)}s //
dlognA/I∞,Z/pr

Kn(A/I;Z/p
r) //
dlognA,Z/pr

0
0 // {WrΩ
n
(A/Is,I/Is),log,Zar}s
// {WrΩ
n
A/Is,log,Zar}s
// {WrΩ
n
A/I,log,Zar}s
// 0
By Theorem 5.6, which we just proved, the left vertical arrow is an isomorphism. But the
right vertical arrow is also an isomorphism, by the results recalled in Theorem 5.1. Hence
the central arrow dlognA/I∞,Z/pr is an isomorphism.
Now suppose only that A/I is merely gnc (but still local). We proceed by induction on
its complexity, using Lemma 1.5 to find ideals J, J ′ ⊆ A such that I has the same radical as
J ∩ J ′, and such that A/J is regular and that A/J ′ and A/J + J ′ have complexity strictly
less than that of A/I. Then there is a diagram of pro abelian groups in which the two visible
squares are commutative by naturality of our pro dlog map:
· · · // {Kn(A/I
s;Z/pr)}s //
dlognA/I∞,Z/pr

{Kn(A/J
s;Z/pr)}s ⊕ {Kn(A/J
′s;Z/pr)}s
dlognA/J∞,Z/pr ⊕ dlog
n
A/J′∞,Z/pr

// {Kn(A/(J + J
′)s;Z/pr)}s //
dlogn
A/(J+J′)∞,Z/pr

· · ·
0 // {WrΩ
n
A/Is,log,Zar}s
// {WrΩ
n
A/Js,log,Zar}s ⊕ {WrΩ
n
A/J ′s,log,Zar}s
// {WrΩ
n
A/(J+J ′)s,log,Zar}s
// 0
The long exact top row is a consequence of pro excision for algebraic K-theory of Noetherian
rings [36, §2], while the bottom short exact sequence is Corollary 4.10.
By induction on the complexity and the already established regular case, the central and
right vertical arrows are isomorphisms. Since this holds for all n, the long exact top row
breaks into short exact sequences, and so the left vertical arrow is also an isomorphism, as
desired.
Finally, since the composition
{KMn (A/I
s)}s → {Kn(A/I
s)}s → {Kn(A/I
s;Z/pr)}s
dlognA/I∞,Z/pr
−−−−−−−−−→ {WrΩ
n
A/Is,log,Zar}s
is given by dlog[·], by Theorem 5.3(ii), and hence is surjective, the fact that dlognA/I∞,Z/pr is
an isomorphism implies that the middle arrow is surjective. In light of the usual short exact
sequence
0 −→ Kn(A/I
s)/pr −→ Kn(A/I
s;Z/pr) −→ Kn−1(A/I
s)[pr] −→ 0,
this means that {Kn−1(A/I
s)}s has no p-torsion.
6 Further applications to K-theory
In the remainder of the paper we apply the main theorems of Secton 5 to study a variety of
questions in K-theory. The next four sections are largely independent of one another.
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6.1 Milnor vs Quillen K-theory of infinitesimal thickenings
A conjecture of Beilinson predicts that the Milnor and Quillen K-theories of a field of charac-
teristic p (hence of any regular Fp-algebra by a Gersten argument) agree rationally, i.e., that
the indecomposable K-groups K indn := coker(K
M
n → Kn) are torsion for such rings. In this
section we will prove an infinitesimal form of this conjecture, by showing that the difference
between Milnor and Quillen K-theory does not grow without bound, in the following sense:
Theorem 6.1. Let A be a regular, F-finite Fp-algebra, and I ⊆ A an ideal such that A/I is
gnc and local. Then, for all n ≥ 0, the square of pro abelian groups
{KMn (A/I
s)}s //

{Kn(A/I
s)}s

KMn (A/I) // Kn(A/I)
is bicartesian up to obstructions killed by a power of p; in other words, the three pro coho-
mology groups of the sequence
0 −→ {KMn (A/I
s, I/Is)}s −→ {Kn(A/I
s)}s −→ Kn(A/I) −→ 0
are killed by a power of p.
The square is actually bicartesian (equivalently, the sequence is short exact) if I is prin-
cipal and A/I is regular.
Proof. Note that the assertions really are the same, since they both state that the vertical
arrows in the diagram are surjective (up to a power of p) and have isomorphic kernels (up
to a power of p). Write Kn(A/I
s, I/Is) := Ker(Kn(A/I
s) → Kn(A/I)) and Kn(A/I
s) :=
Im(Kn(A/I
s)→ Kn(A/I)).
We begin by proving left exactness of the short sequence, i.e., that the canonical map
i(A/I∞,A/I) : {K
M
n (A/I
s, I/Is)}s → {Kn(A/I
s, I/Is)}s
has kernel and cokernel killed by a power of p; in fact, we will show that they are killed by
pN , where N is the p-adic valuation of (n− 1)!. To do this we consider the canonical map of
short exact sequences
0 // KMn (A/I
∞, I/I∞)
i(A/I∞,A/I)

// KMn (A/I
∞)
iA/I∞

// KMn (A/I)
iA/I

// 0
0 // Kn(A/I
∞, I/I∞) // Kn(A/I
∞) // Kn(A/I
∞) // 0
and the associated long exact sequence of pro abelian groups
0→ Ker i(A/I∞,A/I) → Ker iA/I∞ → Ker iA/I → coker i(A/I∞,A/I) → coker iA/I∞ → coker iA/I → 0
It is now convenient to introduce an endofunctor − ⊗Z Z/p
∞ of the category of pro
abelian groups, defined by sending {Ms} to {Ms/p
s}s. This is exact (since the transition
map TorZ1 (M2s,Z/p
2s) → TorZ1 (Ms,Z/p
s) is zero), and has the additional property that if
each abelian group Ms is killed by a power of p (possibly depending on s) then the natural
map {Mn}s → {Ms/p
s}s is an isomorphism.
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Since iA/I∞ ⊗Z Z/p
∞ is easily seen to be surjective by Corollary 5.7, it follows that
coker iA/I∞ , hence also coker iA/I , are zero after applying −⊗Z Z/p
∞; therefore the map
(Ker iA/I)⊗Z Z/p
∞ → (coker i(A/I∞,A/I))⊗Z Z/p
∞ (13)
is surjective. But Ker iA/I is killed by (n − 1)!, thanks to the existence of the usual Chern
class from Quillen to Milnor K-theory; so both the left and right side of the previous line
are killed by pN .
However, coker i(A/I∞,A/I) was unchanged by applying − ⊗Z Z/p
∞ since each group
Kn(A/
s, A/Is), hence also coker i(A/Is,A/I), is killed by a power of p [12, Thm. A]. In con-
clusion, coker i(A/I∞,A/I) is killed by p
N .
The same observations show that Ker i(A/I∞,A/I) = (Ker i(A/I∞,A/I)) ⊗Z Z/p
∞ is also
killed by (n − 1)!, hence by pN . This completes the proof that the kernel and cokernel of
i(A/I∞,A/I) are killed by p
N .
(Aside: In this parenthetical paragraph we treat the case that I is principal and A/I
is regular. Then iA/I ⊗Z Z/p
∞ is an isomorphism by Theorem 5.1, and so its kernel is
zero; by the surjection in line (13), we deduce that coker i(A/I∞,A/I) = 0. Next, after I-
adically completing A, we may assume that A = R[[t]] where R := A/I; we will recall
a result of Ru¨lling–Saito in Theorem 6.6 which provides a (non-canonical) isomorphism
{Ws−1Ω
n−1
R }s
≃
→ {KMn (A/I
s, I/Is)}s, and this is p-torsion-free by the coincidence of the
canonical and p-filtrations for the Hodge–Witt groups of the regular Fp-algebra R (see the
paragraph after Definition 2.12). It follows that Ker i(A/I∞,A/I), which we already know is
killed by pN , must be zero. In conclusion, i(A/I∞,A/I) is an isomorphism; finally, Kn(A/I
s)→
Kn(A/I) is surjective since A/I
s → A/I has a section.)
It remains to show that the map Kn(A/I
∞)→ Kn(A/I) has cokernel killed by a power
of p. This is clear if A/I is regular, since then the quotient maps A/Is → A/I have sections
from the formal smoothness of A/I over Fp (Lemma 1.1). We now proceed by induction on
the complexity of A/I. Using Lemma 1.5, let J, J ′ ⊆ A be ideals such that I has the same
radical as J ∩ J ′, and such that A/J is regular and that A/J ′ and A/J + J ′ have complexity
strictly less than that of A/I. We consider the following two excision squares:
K(A/I∞) //

K(A/J∞)

K(A/J ′∞) // K(A/(J + J ′)∞)
K(A/I) //

K(A/J)

K(A/J) // K(A/(J + J ′))
The left square of pro spectra is homotopy cartesian by pro excision for algebraic K-theory,
while the right square is homotopy cartesian up to power of p (i.e., the birelative K-groups
describing the obstruction to being homotopy cartesian are killed by a power of p) by [12,
Thm. C]. Considering the Mayer–Vietoris sequences associated to these diagrams, as well to
as to the analogous square of relative groups, and henceforth working in the category of pro
abelian groups modulo those killed by a power of p, we arrive at a commutative diagram of
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pro abelian groups
...

...

...

· · · // Kn(A/I
∞, I/I∞) //

Kn(A/J
∞, J/J∞)⊕Kn(A/J
′∞, J ′/J ′∞) //

Kn(A/(J + J
′)∞, (J + J ′)/(J + J ′)∞)

// · · ·
· · · // Kn(A/I
∞) //

Kn(A/J
∞)⊕Kn(A/J
′∞) //

Kn(A/(J + J
′)∞)

// · · ·
· · · // Kn(A/I) //

Kn(A/J) ⊕Kn(A/J
′) //

Kn(A/(J + J
′))

// · · ·
...
...
...
with exact rows and columns. The central and right columns break into short exact sequences
by the inductive hypothesis. We claim that also the top row breaks into short exact sequences,
whence a diagram chase will show that the left column also breaks into short exact sequences,
thereby completing the inductive step and the proof.
It remains to prove the claim about the top row. Using the main result of the first half
of the proof, it is necessary and sufficient to show that the map
KMn (A/J
∞, J/J∞)⊕KMn (A/J
′∞, J ′/J ′∞) −→ KMn (A/(J + J
′)∞, A/(J + J ′))
is surjective for all n ≥ 0. We prove this separately in the next remark since it holds in
greater generality.
Remark 6.2. If A is a local ring, and J, J ′ ⊆ A are ideals, then we show here that the
canonical map
KMn (A/J
s, J/Js)⊕KMn (A/J
′s, J ′/J ′s) −→ KMn (A/(J
s + J ′s), (J + J ′)/(Js + J ′s))
is surjective for all n, s ≥ 0.
Indeed, it is well-known that the relative Milnor K-group on the right is generated by
symbols where at least one term is a unit of A/(J ′s + Js) which is congruent to 1 modulo
(J + J ′)/(Js + J ′s). Hence it is sufficient to prove the surjectivity assertion when n = 1.
Direct verification shows that the sequence
0 −→ A/(J ∩ J ′)× −→ A/J× ⊕A/J ′× −→ A/(J + J ′)× −→ 0
is exact; replacing J, J ′ by Js, J ′s gives a second short exact sequence, and the kernel of the
canonical surjection between the two sequences is therefore also short exact:
0 −→ KM1 (A/(J
s ∩ J ′s), (J ∩ J ′)/(Js ∩ J ′s)) −→KM1 (A/J
s, J/Js)
⊕KM1 (A/J
′s, J ′/J ′s) −→ KM1 (A/(J
s + J ′s), (J + J ′)/(Js + J ′s)) −→ 0
This completes the proof.
Corollary 6.3. Let A be a regular, F-finite Fp-algebra, and I ⊆ A a principal ideal such
that A/I is regular and local. Then the canonical map
{KMn (A/I
s)/pr}s −→ {Kn(A/I
s)/pr}s
is an isomorphism for all n, r ≥ 0.
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Proof. Applying − ⊗Z Z/p
r to the bicartesian square of the previous theorem obtains a
bicartesian diagram in which the bottom horizontal arrow is an isomorphism, by Theorem
5.1; it follows that the top row is also an isomorphism.
Corollary 6.4. Let A be a regular, F-finite Fp-algebra, and I ⊆ A an ideal such that A/I is
gnc and local. Then the map of pro abelian groups {K indn (A/I
s)}s → K
ind
n (A/I) has kernel
and cokernel killed by a power of p.
Proof. This follows by taking cokernels of the horizontal maps of the bicartesian (up to a
power of p) square of the previous theorem.
Remark 6.5. It is plausible that the previous corollary holds without the assumption that
I is principal. By imitating the proof in the principal case, it is sufficient to prove either of
the following equivalent (by the proof of Theorem 6.1) statements, in which R is a regular,
local, F-finite Fp-algebra, A := R[t1, . . . , tc], and I := (t1, . . . , tc):
(i) the pro abelian group {KMn (A/I
s, I/Is)}s is p-torsion free;
(ii) the map of pro abelian groups {KMn (A/I
s, I/Is)}s → {Kn(A/I
s, I/Is)}s is injective
(hence an isomorphism by Corollary 5.7)
It is likely that condition (i) can be directly verified, but we have not seriously considered
the problem.
6.2 Curves on K-theory
In this section we consider Bloch’s curves on K-theory and his original description of the de
Rham–Witt complex in terms of K-groups.
For a moment, let R be any (commutative) ring. We must recall the sense in which
multiplication by the symbol {t} is interpreted on the K-groups of R[[t]] modulo powers of
t; a useful reference may be [38]. The Dennis–Stein–Suslin–Yarosh map ρt : 1 + tR[[t]] →
K2(R[[t]]) is defined by ρt(1+ft) := 〈f, t〉, where the latter element is a Dennis–Stein symbol;
standard properties of Dennis–Stein symbols show that ρt is a homomorphism. If R is local
(as it will be in our cases of interest), so that either f or 1+ f is a unit, then ρt is described
in terms of Steinberg symbols as follows:
ρt(1 + ft) =
{
{−f, 1 + ft} f ∈ R[[t]]×{
−1+f1−t ,
1+ft
1−t
}
1 + f ∈ R[[t]]×
Moreover ρt fits into a commutative diagram
(1 + tR[[t]]) 
 //
ρt

R[[t]]×
{·,t}

K2(R[[t]], (t)) // K2(R((t)))
(the bottom horizontal arrow is injective if R is local, regular and contains a field by the
Gersten conjecture; or if R is local and its residue field has > 5 elements by [38, Eg. 4.4(2)];
probably it is always injective), and hence it may be thought of as “right multiplication by
{t}”. Finally, it is clear from the definition in terms of Dennis–Stein symbols that ρt(1 +
tsR[[t]]) vanishes in K2(R[[t]]/t
s), and hence ρt induces
ρt : 1 + tR[t]/1 + t
rR[t] −→ K2(R[t]/t
s, (t)) ⊆ K2(R[t]/t
s).
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Denoting by
γ : Ws−1(R)
≃
→ 1 + tR[t]/1 + tsR[t],
s−1∑
i=1
Vi[ri] 7→
s−1∏
i=1
(1 + rit
i)
the usual (up to normalisation) isomorphism of groups, where the left side denote a big
Witt group, we now recall the role played by ρt in relating curves on K-theory and the de
Rham–Witt complex:
Theorem 6.6 (Bloch–Deligne–Illusie, Ru¨lling–Saito). Let R be a regular, local ring contain-
ing a field, and fix n ≥ 1. Then there is an isomorphism of abelian groups γn : Ws−1Ω
n−1
R
≃
→
KMn (R[t]/t
s, (t)) for each s ≥ 1 satisfying
adlog[b1] · · · dlog[bn−1] 7→ {γ(a), b1, . . . , bn−1}
and
dadlog[b1] · · · dlog[bn−2] 7→ −ρt(γ(a)){b1, . . . , bn−2}.
If R has characteristic p then the resulting morphism of pro abelian groups
{Ws−1Ω
n−1
R }s
≃
→ {KMn (R[t]/t
s, (t))}s → {K
sym
n (R[t]/t
s, (t))}s
is an isomorphism.
Proof. The first assertion is a recent result of Ru¨lling and Saito [47, Thm. 4.13]. In char-
acteristic p the resulting composition {Ws−1Ω
n−1
R }s → {K
sym
n (R[t]/ts, (t))}s is the original
comparison map of Bloch–Deligne–Illusie from the de Rham–Witt complex to the curves on
K-theory, which was shown to be an isomorphism of pro abelian groups at the time [21,
II.§5] (for some further discussion, including references for the case p = 2, see the proof of
[37, Prop. 2.1]).
As well as needing the result of Ru¨lling–Saito to treat the principal, regular case of
Theorem 6.1, we have recalled the comparison map of Bloch–Deligne–Illusie to state the
following curious consequence our main results; it is an inverse log/exp isomorphism between
big Hodge–Witt groups and p-typical log Hodge–Witt groups:
Corollary 6.7. Let R be a regular, local, F-finite Fp-algebra, and fix n, r ≥ 1. Then the
composition
{WsΩ
n−1
R }s
γn
−→ {Ksymn (R[t]/t
s, (t))}s
dlogn(R[[t]]/t∞,(t))
−−−−−−−−−−→ {WrΩ
n
(R[t]/ts,(t)),log}s
is an isomorphism of pro abelian groups, and induces
{WsΩ
n−1
R /p
r}s
≃
→ {WrΩ
n
(R[t]/ts ,(t)),log,Zar}s.
Proof. The first isomorphism is an immediate consequence of Corollary 5.7 together with the
isomorphism of Bloch–Deligne–Illusie recalled in Theorem 6.6. The isomorphism modulo pr
then follows from Theorem 4.6.
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6.3 Continuity in characteristic p
The continuity problem in algebraic K-theory asks if the map K(A) → holimsK(A/I
s) is
a weak-equivalence, at least with finite coefficients, when A is an I-adically complete ring.
Omitting the early history (i.e., discrete valuation rings, and Gabber’s rigidity theorem away
from the residue characteristic) and the mixed characteristic results, this is know to be true
if A is a regular, local, F-finite Fp-algebra and I ⊆ A is an ideal such that A/I is also regular
by Geisser–Hesselholt [11] (note that these hypotheses imply that A is a power series algebra
over A/I, which is how Geisser–Hesselholt state their result); we improve this by allowing
A/I to be gnc:
Theorem 6.8. Let A be a regular, local, F-finite Fp-algebra, and I ⊆ A an ideal such that
A is I-adically complete and A/I is gnc. Then the canonical maps
Kn(A;Z/p
r) −→ πn holimsKn(A/I
s;Z/pr) −→ lim
←−
s
Kn(A/I
s;Z/pr)
are isomorphisms for all n ≥ 0, r ≥ 1.
Proof. Thanks to Theorem 5.4 we know that lim
←−
1
s
Kn(A/I
s;Z/pr) ∼= lim←−
1
s
WrΩ
n
A/Is,log,Zar,
which vanishes for all n since the transition maps in the latter system are surjective; therefore
πn holimsKn(A/I
s;Z/pr)
≃
→ lim
←−s
Kn(A/I
s;Z/pr).
Combining Theorems 5.1 and 5.4, the remaining assertion to show is that the map
WrΩ
n
A,log,Zar −→ lim←−
s
WrΩ
n
A/Is,log,Zar
is an isomorphism. We already proved this in Corollary 4.11.
Since we have never previously seen a continuity result for Milnor K-theory, we explicitly
state the following consequence:
Corollary 6.9. Let A be a regular, local, F-finite Fp-algebra, and I ⊆ A an ideal such that
A is I-adically complete and A/I is gnc. Then, for each n ≥ 0, r ≥ 1, the canonical map
KMn (A)/p
r −→ lim
←−
s
(KMn (A/I
s)/pr)
is split injective with cokernel isomorphic to lim
←−s
Ker(KMn (A/I
s)/pr → Kn(A/I
s)/pr). This
cokernel vanishes either
(i) if n ≤ p,
(ii) or if I is principal and A/I is regular.
Proof. There is a commutative diagram with exact top row:
0 // lim
←−s
Ker(KMn (A/I
s)/pr → Kn(A/I
s)/pr) //// lim
←−s
(KMn (A/I
s)/pr) // lim
←−s
(Kn(A/I
s)/pr)
KMn (A)/p
r //
OO
Kn(A)/p
r
OO
The bottom horizontal arrow is an isomorphism by Theorem 5.1 and the right vertical arrow
is isomorphism by Theorem 6.8 (recall from Theorem 5.1 that we know Kn(A;Z/p
r) =
Kn(A)/p
r and {Kn(A/I
s;Z/pr)}s = {Kn(A/I
s)/pr}s). A trivial diagram chase shows that
the central vertical arrow is therefore split injective with the claimed cokernel. This cokernel
vanishes if n ≤ p by the existence of the Chern class from Quillen to Milnor K-theory, and
if I is principal and A/I is regular by Corollary 6.3.
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6.4 Class groups in Zariski and Nisnevich toplogies
If X is a smooth, d-dimensional variety over a perfect field of characteristic p, then a stan-
dard consequence of Gersten’s conjecture (or of the structure of Kn as a homotopy invariant
presheaf with transfer) is that the canonical maps H iZar(X,Kn) → H
i
Nis(X,Kn,Nis) are iso-
morphisms for all i, n ≥ 0, and similarly for Milnor K-theory.
If now Y →֒ X is a normal crossing divisor, then it was conjectured by Kato and Saito
[26, pg. 256], as part of their higher dimensional class field theory, that the analogous maps
lim
←−
s
H iZar(X,K
M
n,(X,Ys)
) −→ lim
←−
s
H iNis(X,K
M
n,(X,Ys),Nis
)
would also be isomorphisms if the base field were finite and i = n = d, in which case the
left and right side play the role of certain Zariski/Nisnevich class groups in their theory. A
similar conjecture over general base fields was then raised in [29, Qu. IV]. The new theory
of reciprocity sheaves [24] even predicts that H iZar(X,K
M
n,(X,Ys)
)
≃
→ H iNis(X,K
M
n,(X,Ys),Nis
) for
each fixed s ≥ 1; this was established in the case that Y is a smooth divisor by Ru¨lling and
Saito [47, Corol. 2.29] (it follows easily from their result recalled in Theorem 6.6, since the
big de Rham–Witt sheaf has no higher Nisnevich cohomology on affines).
The goal of this section is to show that the following mod p-power version of Kato–Saito’s
conjecture is true:
Theorem 6.10. Let X be a regular, F-finite Fp-scheme, and Y →֒ X a gnc closed subscheme;
let i, n, r ≥ 0. Then the maps of pro abelian groups
{H iZar(Ys,Kn,Ys/p
r)}s −→ {H
i
Nis(Ys,Kn,Ys,Nis/p
r)}s
{H iZar(X,Kn,(X,Ys)/p
r)}s −→ {H
i
Nis(X,Kn,(X,Ys),Nis/p
r)}s
are isomorphisms.
Proof. It follows from the sheaf versions of Theorems 5.1 and 5.4 that {Kn,Ys/p
r}s
≃
→
{WrΩ
n
(X,Ys),log,Zar
}s and {Kn,(X,Ys)/p
r}s
≃
→ {WrΩ
n
(X,Ys),log,Zar
}s, and similarly in the Nis-
nevich topology. So the desired isomorphisms are exactly Corollary 4.12.
Remark 6.11 (Pro Gersten vanishing). Under the hypotheses of the previous theorem, it
seems possible that {H iZar(Ys,Kn,Ys)}s vanishes whenever i > n, as an analogue of usual
Gersten vanishing in the regular case. See Remark 3.10 concerning the n = 1 case.
Remark 6.12 (Variations). If Y is actually regular in the previous theorem, then a modi-
fication of the proof shows that the maps of pro abelian groups
{H iZar(X,Kn,Ys)}s −→ {H
i
Nis(X,Kn,Ys,Nis)}s (14)
{H iZar(X,Kn,(Ys,Y ))}s −→ {H
i
Nis(X,Kn,(Ys ,Y ),Nis)}s (15)
are isomorphisms for all i, n ≥ 0, and (using the proof of Theorem 6.1) that therefore the
kernel and cokernel of
{H iZar(X,K
M
n,(Ys,Y )
)}s −→ {H
i
Nis(X,K
M
n,(Ys ,Y ),Nis
)}s (16)
are killed by pN , where N is the p-adic valuation of (n− 1)!.
If Y is once again gnc, similar excision arguments to those used in the proof of Theorem
6.1 then show that the kernel and cokernel of (14)–(16) are still killed by a power of p. It
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also easily follows from the sheaf versions of Theorems 5.1 and 5.4 that the canonical map
{KMn,(X,Ys)/p
r}s → {Kn,(X,Ys)/p
r}s is injective and has kernel killed by p
N , and similarly in
the Nisnevich topology; hence we deduce from the previous theorem that the kernel and
cokernel of
{H iZar(X,K
M
n,(X,Ys)
/pr)}s −→ {H
i
Nis(X,K
M
n,(X,Ys),Nis
/pr)}s
are killed by pN .
6.5 The deformation of higher codimension cycles
Now we extend the results of Section 3.2 concerning line bundles to higher codimension
cycles, as well as proving our infinitesimal Lefschetz theorem for Chow groups. We consider,
for any Fp-scheme Y , its cohomological Chow group
CHn(Y ) := HnZar(Y,Kn,Y ),
where Kn,Y denotes as usual the Zariski sheafification of the n
th K-group presheaf on Y .
If Y is regular then Gersten’s conjecture implies that CHn(Y ) is the usual Chow group of
codimension-n cycles modulo rational equivalence, but this is not true for general Y : in
particular, CHn(Y ) is sensitive to infinitesimally thickening Y .
Assuming that Y is regular, the composition
dlognr,Y : Kn,Y −→ Kn,Y /p
r ∼= KMn,Y /p
r dlog[·]−→ WrΩ
n
Y,log,Zar
induces cn,Zar : CH
n(Y )→ HnZar(X,WrΩ
n
Y,log,Zar), and composing with a change of topology
map HnZar(X,WrΩ
n
Y,log,Zar)→ H
n
e´t(X,WrΩ
n
Y,log) defines the e´tale-motivic cycle class map
cn : CH
n(Y ) −→ Hne´t(X,WrΩ
n
Y,log) = H
2n
e´t (Y,Z/p
rZ(n))
Letting r →∞ similarly defines
cn : CH
n(Y ) −→ H2ne´t (Y,Zp(n))
(to be precise, this is the map on continuous Zariski hypercohomology induced byKn,Y
dlognr,Y
−−−−→
{WrΩ
n
Y,log,Zar}r → {Rε∗WrΩ
n
Y,log}r).
Our main result in this section generalises Theorem 3.4 by characterising whether a cycle
deforms in terms of its e´tale-motivic cycle class:
Theorem 6.13. Let Y be a regular, F-finite, formal Fp-scheme whose reduced subscheme of
definition Y = Y1 is regular. Let z ∈ CH
n(Y ). Then:
(i) Given r ≥ 1 there exist t ≥ pr (depending only on Y, not z) such that, if cn(z) ∈
H2ne´t (Y,Z/p
rZ(n)) lifts to H2ne´t (Yt,Z/p
rZ(n)) then L lifts to CHn(Ypr).
(ii) z lifts to lim
←−s
CHn(Ys) if and only if cn(z) ∈ H
2n
e´t (Y,Zp(n)) lifts to lim←−s
H2ne´t (Ys,Zp(n)).
Proof. The argument is similar to the proof of Theorem 3.4, using the results on K-theory
from the previous section instead of Theorem 3.1, and using Corollary 4.4 to overcome a new
problem in passing between the Zariski and e´tale topologies.
Thanks to the existence of the dlog map for formal schemes from Remark 5.8, the map
dlognr,Y : K
n
n,Y →WrΩ
n
Y,log,Zar fits into a commutative diagram of pro Zariski sheaves on Y :
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0

0

0

0 // {Kn,(Ys,Y )}s
pr //

{Kn,(Ys,Y )}s

// {WrΩ
n
(Ys,Y ),log,Zar
}s //

0
0 // {Kn,Ys}s
pr //

{Kn,(Ys,Y )}s

dlognr,Y// {WrΩ
n
Ys,log,Zar
}s //

0
0 // Kn,Y
pr //

Kn,Y

dlognr,Y //WiΩ
n
Y,log,Zar
//

0
0 0 0
Each vertical sequence is exact; the bottom row is exact by the results recalled in Theorem
5.1; the middle row, hence the top row, is exact by the formal scheme version of Theorem
5.4 explained in Remark 5.8.
Taking Zariski cohomology and repeating the proof of Theorem 3.4(i) proves the fol-
lowing: given r ≥ 1 there exist t ≥ pr such that the boundary map δ : CHn(Y ) =
HnZar(Y,Kn,Y )→ H
n+1
Zar (Ypr ,Kn,(Ypr ,Y )) kills all z ∈ CH
n(Y ) with the property that cn,Zar(z)
lifts to HnZar(Yt,WrΩ
n
Yt,log,Zar
). (In fact, to repeat the argument in the proof of Theorem
3.4(i), one further observation is required: possibly after increasing t, we can arrange that
the map Hn+1Zar (Yt,Kn,(Yt,Y ))→ H
n+1
Zar (Ypr ,Kn,(Ypr ,Y )) vanishes on multiples of p
r; this is true
since we can pick t ≫ pr such that the map Kn,(Yt,Y ) → Kn,(Ypr ,Y ) has image in K
sym
n,(Ypr ,Y )
,
by the formal scheme version of Corollary 5.7, and the latter sheaf is killed by pr.)
This implies (by the same diagram chase as in the proof of Theorem 3.4(i)), that if
cn,Zar(z) lifts toH
n
Zar(Yt,WrΩ
n
Yt,log,Zar
) then z lifts to CHn(Ypr). To pass to the e´tale topology
we consider the diagram with exact rows
HnZar(Yt,WrΩ
n
Yt,log,Zar
) //

HnZar(Y,WrΩ
n
Y,log,Zar)
//

Hn+1Zar (Yt,WrΩ
n
(Yt,Y ),log,Zar
)
∼=

Hne´t(Yt,WrΩ
n
Yt,log
) // Hne´t(Y,WrΩ
n
Y,log)
// Hn+1e´t (Yt,WrΩ
n
(Yt,Y ),log
)
in which the indicated isomorphism is Corollary 4.4. It follows at once that an element in
the top middle of the diagram (e.g., cn,Zar(z)) lifts to the top left if and only if its image in
the bottom middle (i.e., cn(z)) lifts to the bottom left. This completes the proof of part (i).
To prove (ii), we again proceed as in Theorem 3.4 by assembling the first diagram into
one of pro sheaves indexed over the diagonal r = s and taking continuous cohomology, to
obtain a bicartesian diagram of pro Zariski sheaves on Y
{Kn,Ys}

dlognr,Y// {WsΩ
n
Ys,log,Zar
}s

Kn,Y
dlognr,Y
// {WsΩ
n
Y,log,Zar}s
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But Corollary 4.4 implies that the change of topology square
{WsΩ
n
Ys,log,Zar
}s

// {Rε∗WsΩ
n
Ys,log
}s

{WsΩ
n
Y,log,Zar}s
// {Rε∗WsΩ
n
Y,log}s
is a homotopy cartesian square of pro Zariski sheaves on Y , and so concatenation shows that
{Kn,Ys}

// {Rε∗WsΩ
n
Ys,log
}s

Kn,Y // {Rε∗WsΩ
n
Y,log}s
(17)
is also homotopy cartesian (this final square is the heart of the proof and future applications).
We now continue just as in the proof of Theorem 3.4(ii): taking continuous cohomology
yields the following diagram of abelian groups with exact columns:
...

...

HnZar(Y, {Kn,(Ys,Y )}s)

∼= // Hne´t(Y, {WrΩ
n
(Ys,Y ),log
}s)

HnZar(Y, {Kn,Ys}s)
//

Hne´t(Y, {WsΩ
n
Ys,log
}s)

CHn(Y )
cn //

Hne´t(Y, {WsΩ
n
Y,log}s)

Hn+1Zar (Y,Kn,(Ys,Y ))

∼=
// Hn+1e´t (Y, {WrΩ
n
(Ys,Y ),log
}s)

...
...
As at the end of the proof of Theorem 3.4(ii), the middle vertical arrows on the left
and right factor surjectively through lim
←−s
CHn(Ys) and lim←−s
Hne´t(Ys, {WrΩ
n
Ys,log
}r) (see also
Remark 3.5); then a diagram chase completes the proof.
Corollary 6.14. Let A be a Noetherian, F-finite Fp-algebra which is complete with respect
to an ideal I ⊆ X, and let X be a proper scheme over A; assume that X and the special fibre
Y := X ×A A/I are regular. For any z ∈ CH
n(Y ), the following are equivalent:
(i) z lifts to lim
←−s
CHn(Ys);
(ii) cn(z) ∈ H
2n
e´t (Y,Zp(n)) lifts to lim←−s
H2ne´t (Ys,Zp(n));
(iii) cn(z) lifts to H
2n
e´t (X,Zp(n)).
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Proof. The previous theorem immediately implies the equivalence of (i) and (ii), while the im-
plication (iii)⇒(ii) is obvious. To prove (ii)⇒(iii), we will show that the mapH2ne´t (X,Zp(n))→
lim
←−s
H2ne´t (Ys,Zp(n)) is surjective. This “algebrisation” result is the content of the next lemma,
where we consider the problem in greater generality.
Lemma 6.15. Let A be a Noetherian, F-finite Fp-algebra which is complete with respect to
an ideal I ⊆ A and let X be a proper scheme over A. Then the canonical map
H ie´t(X,Zp(n)) −→ lim←−
s
H ie´t(X ×A A/I
s,Zp(n))
is surjective for all i ≥ 0.
Proof. Let Y = X×AA/I be the special fibre of X, so that Ys = X×AA/I
s. We claim that
the canonical map of continuous cohomologies
H ie´t(X,Zp(n)) = H
i−n
e´t (X, {WrΩ
n
X,log}r) −→ H
i−n
e´t (Y, {WrΩ
n
Yr,log}r)
is an isomorphism for all i ≥ 0; this is sufficient to complete the proof since the right group
fits into a short exact sequence by Remark 3.5:
0→ lim
←−
s
1 lim
←−
r
H i−n−1e´t (Y,WrΩ
n
Ys,log)→ H
i−n
e´t (Y, {WrΩ
n
Yr,log}r)→ lim←−
s
H i−ne´t (Y, {WrΩ
n
Ys,log}r)→ 0
= lim
←−
s
H ie´t(Ys,Zp(n))
To prove the claim in the shortest space, we note that it can be rewritten (using the
definition of continuous cohomology) as a quasi-isomorphism
Rlimr RΓe´t(X,WrΩ
n
X,log)
∼
→ Rlimr RΓe´t(Yr,WrΩ
n
Yr ,log)
Since there is a fibre sequence
Rlimr RΓe´t(X,WrΩ
n
X,log) −→ Rlimr RΓZar(X,WrΩ
n
X)
1−F
−→ Rlimr RΓZar(X,WrΩ
n
X)
and compatibly for WrΩ
n
Yr,log
, by Corollary 4.1, it is therefore sufficient to prove that
Rlimr RΓZar(X,WrΩ
n
X) −→ Rlimr RΓZar(Yr,WrΩ
n
Yr) (18)
is a quasi-isomorphism.
For each fixed r ≥ 1, the scheme Wr(X) (i.e., the topological space X with structure
sheaf Wr(OX)) is proper over Wr(A) [31, App.], and WrΩ
n
X is a coherent sheaf on it (finite
generation was treated in Lemma 2.9, while behaviour under localisation is well-known);
moreover, Wr(A) is a Noetherian ring which is Wr(I)-adicially complete by [7, Lem. 2.3]. So
Grothendieck’s formal function implies that RΓZar(X,WrΩ
n
X)
∼
→ RlimsRΓZar(X,WrΩ
n
X⊗Wr(OX )
Wr(OX)/Wr(I)
s). But the target of this map may be rewritten as RlimsRΓZar(Ys,WrΩ
n
Ys
)
by Lemma 2.10(ii).
In conclusion, the left side of (18) is quasi-isomorphic to Rlimr RlimsRΓZar(Ys,WrΩ
n
Ys
),
which is (quasi-isomorphic to) the right side of (18). This completes the proof.
Remark 6.16. If Y is assumed to have codimension 1 in Y (resp. in X), then Theorem 6.13
and Corollary 6.14 remain true if we replace Quillen by Milnor K-theory, by the bicartesian
square of Theorem 6.1. In general the theorem and corollary remain true for MilnorK-theory
up to an obstruction killed by a power of p, again by Theorem 6.1.
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6.6 Infinitesimal weak Lefschetz for Chow groups
We finish the paper by establishing the infinitesimal part of the weak Lefschetz theorem for
Chow groups in characteristic p. Recall that if Y is a smooth ample divisor on a smooth
variety X over a field, the weak Lefschetz conjecture for Chow groups predicts that the
canonical map CHn(X)Q → CH
n(Y )Q is an isomorphism if 2n < dimX − 1. We will prove
the following infinitesimal form of this conjecture, which over an algebraically closed field of
characteristic zero is due to Patel–Ravindra [40]:
Theorem 6.17. Let X be a smooth, projective, d-dimensional variety over a perfect field k
of characteristic p, and Y →֒ X a smooth ample divisor. Then the canonical map
lim
←−
s
H iZar(Ys,Kn,Ys) −→ H
i
Zar(Y,Kn,Y )
has kernel and cokernel killed by a power of p if i + n < d− 1. In particular, if 2n < d− 1
then
(lim
←−
s
CHn(Ys))⊗Z Z[
1
p ]
≃
−→ CHn(Y )⊗Z Z[
1
p ]
Proof. We begin by claiming that, for each r ≥ 1, the canonical map of pro hypercohomology
groups
HiZar(X,WrΩ
•
X) −→ {H
i
Zar(Ys,WrΩ
•
Ys)}s
is an isomorphism if i < d − 1 and is injective if i = d − 1. By filtering WrΩ
•
X and WrΩ
•
Ys
with the canonical filtration from Section 2.3, and arguing inductively using the 5-lemma, it
is sufficient to prove, for each j ≥ 0, that
HiZar(X,Fil
j WrΩ
•
X/Fil
j+1WrΩ
•
X) −→ {H
i
Zar(Ys,Fil
j WrΩ
•
Ys/Fil
j+1WrΩ
•
Ys)}s
is an isomorphism if i < d − 1 and is injective if i = d − 1. By Corollary 2.16 this previous
map can be rewritten simply as
HiZar(X,Ω
•
X) −→ {H
i
Zar(Ys,Ω
•
Ys)}s.
By na¨ıvely filtering the de Rham complex and making the same 5-lemma argument as before,
this reduces our claim to proving that {H iZar(X,Ω
q
(X,Ys)
)}s = 0 for i ≤ d− 1 and all q ≥ 0.
Let I ⊆ OX be the ideal sheaf defining Y . The usual Leibnitz rule argument shows
that {Ωq(X,Ys)}s
∼= {Ω
q
X ⊗OX I
s}, while coherent duality states that H iZar(X,Ω
q
X ⊗OX I
s)
is isomorphic to the dual of Hd−iZar (X,Hom(Ω
q
X ,OX)⊗OX Ω
d
X ⊗OX I
−s), which vanishes for
s≫ 0 since I−1 is ample by assumption. This completes the proof of the claim.
Passing to continuous cohomology over the diagonal r = s, the claim shows that the
canonical map
H icrys(X/W (k)) = H
i
Zar(X, {WsΩ
•
X}s) −→ H
i
Zar(Y, {WsΩ
•
Ys}s)
is an isomorphism for i < d − 1 and an injection for i = d − 1. But weak Lefschetz for
crystalline cohomology (as well as its finite generation) implies that the kernel and cokernel
of H icrys(X/W (k)) → H
i
crys(Y/W (k)) = H
i
Zar(Y, {WsΩ
•
Y }s) are killed by a power of p for
i < d− 1 (and the kernel is killed by a power of p if i = d− 1), and so we finally deduce that
the kernel and cokernel of
HiZar(Y, {WsΩ
•
Ys}s) −→ H
i
Zar(Y, {WsΩ
•
Y }s) (19)
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are killed by a power of p for i < d− 1 (and we can not conclude anything if i = d− 1).
Corollary 4.5 provides us with compatible long sequences, in which the failure of exactness
is killed by a power of p,
· · · −→ H i−ne´t (Y, {WsΩ
n
Ys,log}s) −→ H
i
Zar(Y, {WsΩ
•
Ys}s)
pn−φ
−→ HiZar(Y, {WsΩ
•
Ys}s) −→ · · · ,
· · · −→ H i−ne´t (Y, {WsΩ
n
Y,log}s) −→ H
i
Zar(Y, {WsΩ
•
Y }s)
pn−φ
−→ HiZar(Y, {WsΩ
•
Y }s) −→ · · ·
and comparing these via the 5-lemma with (19) in mind shows that the map
H ie´t(Y, {WsΩ
n
Ys,log}s) −→ H
i
e´t(Y, {WsΩ
n
Y,log}s) (20)
has kernel and cokernel killed by a power of p if i+ n < d− 1.
Finally, take continuous cohomology of the homotopy cartesian square (17) in the proof
of Theorem 6.13 (applied to the formal completion of X along Y of course) to obtain a
homotopy cartesian square
RlimsRΓZar(Ys,Kn,Ys)

// RlimsRΓe´t(Ys,WsΩ
n
Ys,log
)

RΓZar(Y,Kn,Y ) // RΓe´t(Y,WsΩ
n
Y,log)
Since the right vertical arrow has just been shown to induce an isomorphism (up to p-power
torsion) on cohomology in degrees < d − n − 1, the same is true of the left vertical arrow;
i.e., the kernel and cokernel of H iZar(Y, {Kn,Ys}) → H
i
Zar(Y,Kn,Y ) are killed by a power of
p if i + n < d − 1. Since this maps always kills its subgroup lim
←−
1H i−1Zar (Y,Kn,Y ), and thus
factors through the quotient lim
←−s
H iZar(Ys,Kn,Ys) (simply because the target is the continuous
cohomology of a constant pro system), it follows that lim
←−
1H i−1Zar (Y,Kn,Y ) is killed by a power
of p and that the proof is complete.
Remark 6.18. The previous theorem remains true if we replace Quillen by Milnor K-
theory, by taking continuous cohomology of the sheaf version of the bicartesian square of
Theorem 6.1.
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